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Editor's Preface 
The effect of gravity on fluids of varying density is of funda- 
mental importance in natural flows. This subject formed the topic of 
concentration for the fourteenth summer program in Geophysical Fluid 
Dynamics at the Woods Hole Oceanographic Institution. We had the good 
fortune to hear Stewart Turner lecture on stratified flows just after 
he had completed the manuscript for his book on the subject. Turner 
chose to emphasize nonlinear and turbulent aspects of stratified flows 
and, therefore, had to give up the deductive approach in favor of 
treatments based on dimensional analysis and similarity arguments. 
This summary of the many experimental studies of these flows increased 
our awareness of the fascinating variety of phenomena in which strati- 
fication plays so vital a role. 
Turner's lecture series was preceded by introductory lectures 
by Veronis, Ingersoll, Simmons, Stern, Maxworthy and Huppert. The 
students' reports of the entire series are recorded in the following 
pages. As in previous years, the reports reflect the students1 under- 
standing and interpretation of the lectures rather than a verbatim 
report of the talks. 
This year the program was supported by the Division of Fluid 
Dynamics, Oceanography and Applied Mathematics of the Office of Naval 
Research. The Advanced Training Projects Section of the NSF, which had 
supported our program for thirteen summers, had been abolished and for 
a time it appeared that the fire of our GFD dragon was to be extinguished. 
But Dr. Ralph Cooper of ONR came to our rescue and arranged for support 
which enabled us to continue our exploration of problems in Geophysical 
Fluid Dynamics. We are deeply grateful to him for his efforts and to 
ONR for its support. 
Finally, all of us wish to express our gratitude to Mary Thayer, 
who emerged from a serious hip operation this winter with an increased 
vigor and determination. Once again she has managed the program with her 
incredible efficiency and enthusiasm. 
George Veronis 
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, THE BOUSSINESQ APPROXIMATION 
George Veronis 
For multi-component f l u i d s  the  dens i ty  i s  given by t h e  equa- 
t i o n  of s t a t e  
- P = P ( ~ , T , P )  (1 1 
where s i s  t h e  s a l i n i t y  ( the  mass r a t i o  of d isso lved s o l i d s  t o  
water) .  
The p roper t i e s  of seawater i n  t a b l e s ,  formulas, and graphs 
may be found i n  
(a) a r t i c l e  by Fofonoff, The Sea, v.1 
(b) H, Sverdrup e t  aZ., The Oceans. 
The extreme v a r i a t i o n  i n  seawater  s p e c i f i c  g rav i ty  i s  
where t h e  smal ler  number is c h a r a c t e r i s t i c  of warm f r e s h  water  near  
t h e  su r face  and t h e  l a r g e r  i s  appropr i a t e  t o  the  cold  water near  t h e  
bottom of deep oceans, 
If we de f ine  p, a s  t h e  mean value  of seawater d e n s i t y  then  
For an a d i a b a t i c  h y d r o s t a t i c  f l u i d  t h e  v e r t i c a l  pressure  gra-  
d i e n t  i s  balanced by t h e  g r a v i t a t i o n a l  f o r c e  
We w i l l  no t  consider  molecular d i f f u s i o n  and w i l l  t ake  t h e  
s a l i n i t y  as a  constant  i n  t h e  a d i a b a t i c  s t a t e  
From t h e  f irst  law of thermodynamics 
where 7 denotes entropy,  
But, s i n c e  only a d i a b a t i c  processes a r e  considered,  
& 20, t he  v e r t i c a l  gradient  of  temperature i s  8 
where we have used (4)  and (5). From thermodynamics 
where V is s p e c i f i c  volume. Final ly  
where oC: , t he  c o e f f i c i e n t  of  thermal expansion i s  
The computed bounds o f  t h e  a d i a b a t i c  temperature gradient  are 
where t h e  smaller  number corresponds t o  a  su r face  measurement a t  
T = -z'c, and the  l a r g e r  t o  a  depth o f  10 km a t  4 ' ~ .  
In tegra t ing  (8) over t h e  top  4 km of the  ocean, we g e t  
0 
a-rj -o.<c 
- 4 km 
Note t h a t  the  a d i a b a t i c  gradient  p r e d i c t s  t ha t  t h e  cslder w a t e r  is on 
top.  The observed A T  i s  about +20'~. In the  surface region  (upper 
two ki lometers ,  say) 
a d i a b a t i c  
-,,.,-- 
I a' 'observed 
and, i n  add i t ion  has the  wrong s i g n .  Under the  a d i a b a t i c  h y d r o s t a t i c  
assumption we can compute the  v e r t i c a l  dens i ty  g rad ien t .  In t h i s  case 
we f ind  
ad iaba t i c  observed 
The a d i a b a t i c  v a r i a t i o n  of dens i ty  with depth i s  
p ad iaba t i c  
depth 
Ws remove t h e  a d i a b a t i c  v a r i a t i o n ,  de f in ing  a " po ten t i a l  densi ty" 
p p o t e n t i a l  = 9- f a d i a b a t i c  
P - P a d i a b a t i c  
I 
Varia t ions  here  a r e  due t o  gradients  of s a l i n i t y  and temperature,  
The Boussiaesq Equations 
S t a r t i n g  with t h e  simple fo rce  equation 
we assume small pe r tu rba t ions  from t h e  h y d r o s t a t i c  a d i a b a t i c  
s o l u t i o n ,  Thus 
I 
Since 
f o r  t y p i c a l  ocean regions  we may rep lace  P by & on t h e  le f t- hand 
s i d e  of (10) with small e r r o r .  Sub t rac t ing  t h e  h y d r o s t a t i c  f o r c e  
balance. we g e t  
Expanding Equation (1) for small deviations from the adiabatic state: 
plus second-order small quantities. Here we have defined 
The coefficients cC , , and I( are determined experimentally. 
Note the minus sign in the definition of . The right-hand side 
sf the equation of motion (10) is equal to 
The order of magnitude of the first term is 
where H, the ocean depth - 5 km, 
The height H,= I PmqK x 200 km, hence 3rd term in (15) ~4 1 1st term 
and the "sound wavesH term may be neglected, 
Thus 
The mass conservation law may be written as 
But 
and may be neglected. 
The term - may be estimated by recognizing that changes 
occur on a convective time scale; that is 
and thus 
. ,. . . 
I a t  I -- ern 
and this term may be neglected also. 
Hence our conservation of mass equation is identical to the 
one for an incompressible fluid: 
v - v  = 0 
N 
118) 
We must also specify a conservation equation for salinity. 
We ignore molecular diffusion and take 
We state our energy equation assuming no sources or sinks of energy. 
e 
Then the change in internal energy e is balanced by the work done 
In general, however, the internal energy may be affected by changes 
in temperature and salinity. 
By subtracting (20)from ( 2 1 ) ,  we get 
But the second term has been assumed to be zero. Thus 
1 G 
i s  our energy equation. 
In  summary the  ad iaba t i c  hydros ta t i c  s t a t e  i s  descr ibed  by 
The Boussinesq equations f o r  the  perturbed s t a t e  a r e  
d, Y taken constant  
The eoncept of p o t e n t i a l  dens i ty ,  formed by s u b t r a c t i n g  t h e  
a d i a b a t i c  v a r i a t i o n  from t h e  ac tua l  dens i ty ,  can lead  t o  erroneous eon- 
c lus ions  if one i s  comparing water of  d i f f e r e n t  s a l i n i t y  a t  g r e a t  
depth,  F o r  example, looking a t  a  s e c t i o n  down t h e  mid-Atlantic from 
nor th  t o  south poles ,  we see :  
p o t e n t i a l  
dens i ty  
Thus by using t h e  sur face  a s  t h e  r e fe rence  l e v e l  f o r  t h e  p o t e n t i a l  
I 
d e n s i t y  we conclude, erroneously, t h a t  t h e  water i s  s t a t i c a l l y  un- 
The rep resen ta t ion  on t h e  r i g h t  shows s t a b l e  s t r a t i f i c a t i o n .  
The e r r o r  a r i s e s  from taking  too shallow a r e fe rence  l e v e l .  




(a)  Spiegel ,  E . A ,  and G .  Veronis 1960 llBoussinesq Approximation 
f o r  Compressible Fluids", Astrophysical  JLO 131: 442-447. 
-
(b) Mihaljan, J . M ,  1962 Astrophysical  J .  136: 1126-1133. 
-
(c)  Malkus, W o V o R ,  1964 G,F.D. l e c t u r e  notes 1: 1. 
- 
r e fe rence  
(d) Bretherton,  F.P. 1965 G.F.D. l e c t u r e  notes  1: 10. 
- 
Notes submitted by 
Leonard W ,  Schwartz 
SMALL AMPLITUDE INTERNAL GRAVITY WAVES 
Andrew - P o  I n g e r s o l l  
By t h e  small-amplitude approximation, i n  t h i s  context ,  we 
mean t h a t  i n  t h e  d e r i v a t i v e  fol lowing t h e  motion d /d t ,  t h e  c o n t r i -  
but ion  from t h e  time d e r i v a t i v e  a/at outweighs t h e  e f f e c t  of  f l u i d  
advect ion 3 - V i n  t h e  equations of motion. Expressed another  way, 
s i n c e  we a r e  considering wave motions we can r e p l a c e  t h e  a/$t oper-  
a t o r  by a wave frequency and V by a wavenumber k , so  t h a t  t h e  
small amplitude assumption implies  t h a t  w 77 ufi , where 71 i s  a 
typical value of the fluid velocity, i.e., that the phase speed of 
the wave (I ) is far greater than, a typical fluid velocity. 
We make use of the Boussinesq approximation which in essence 
assumes that the only sensible effect of density variation is a buoy- 
ancy force in the vertical momentum equation. This vertical buoyancy 
force per unit mass is given by 
/ 
where e' is a part of the temperature field T partitioned as follows: 
T =  B'(z)+ e' 
(z is 'the vertical coordinate, taken positive in the upward direction), 
- 
e(2) is a basic given stratification, the departures from which, 
8' , will interest us. Similarly the pressure field is partitioned 
into 
where ~ ( z )  is the pressure required to balance hydrostatically the 
- 
basic temperature stratification 8(?) , i. e., 
Here is the mean density, oc the thermal coefficient of expan- 
sion, and g the acceleration of gravity, all of which are constants 
in the context of the Boussinesq approximation. 
The fluid velocity components, small in the sense we have de- 
scribed above, we write formally as 
(primed quantities are taken to be small), Then the equations of 
motion and continuity are 
Note that these equations are linear in the primed quantities, 
We need one more equation: the heat conservation equation 
(heat conduction is neglected) expressed exactly by 
Substituting directly into this equation and neglecting only terms 
containing products of primed quantities, we obtain 
' d e  9; + w-=O d a  t I 
Let us define T '=  ~'4~ and use C rather than 6 in the 
above equations so that they can be rewritten (dropping primes 
now) as 
where 
is called the  runt-~iisalg frequency and in general is a function 
of z. 
These equations are linear with constant coefficients ex- 
cept for N~ so that we can anticipate separability of the x, y, t 
dependence of the equations, but not necessarily the z-dependence. 
If we look for wavelike solutions we might expect typical 
frequencies to depend dimensionally on N: WMO(~).This may be seen 
most simply in the special case of constant N (linear basic strati- 
fication) with vertical homogeneity ( d / d t  = 0 ) of the perturba- 
tions. (In this case all the fluid particles in a vertical column 
llpulsate'l in unison.) With these assumptions the horizontal compo- 
nents of velocity decouple from the system and the vertical motion 
is governed by 
w , - r . 0  
q +Naw= 0 
from which 6 may be eliminated to give 
+ flaw = 0 
L N t  
so that our solution must have an e dependence. 
A typical magnitude for N from the temperature gradients in 
the oceans and atmosphere is 
t 16 sec $ Igmin, M 
Let us return to the full equations (1) - (5). We perform the 
following manipulations: 
Adding these two, and using (41, we obtain 
a"% - 0 , ' ~  .= 0 
where 
is the horizontal Laplacian operator and 
q'= ya+ a;/a,. 
is the full Laplacian. 
Eliminating CT between this equation and Eq. ( 5 ) ,  we obtain 
finally 
In what follows, as in the simple example above, we assume N 2 
to be constant. This assumption is motivated primarily by considera- 
tions of simplicity so that the equations are separable in all eoordi- 
nates, but physically we may suppose our attention is restricted to a 
small vertical extent of the ocean in which the assumption is approx- 
imately satisfied. Let all dependent variables behave like 
Without l o s s  of  g e n e r a l i t y ,  s i n c e  t h e  coord ina te  system can b e  r o t a t e d  
about a  v e r t i c a l  a x i s  we can s e t  I! = 0 . S u b s t i t u t i n g  t h i s  dependence 
i n t o  ( 6 ) ,  we o b t a i n  t h e  d i s p e r s i o n  r e l a t i o n s h i p  
Notice t h a t  CL) 2 0 i s  always a  s o l u t i o n .  I f  we t h e r e f o r e  d e f i n e  U10, 
3 
t h e  o r i e n t a t i o n  o f  t h e  wavenumber vec to r  = +- m $' g ives  t h e  
d i r e c t i o n  of propagat ion o f  t h e  wave (see Figure 1 )  and 
Figure 1 
(7) may be w r i t t e n  
where 8 i s  t h e  angle  shown i n  Figure 1. Notice t h a t  I W I  4 N a  
The f l u i d  v e l o c i t y  f o r  t h i s  wave motion is  given by 
3 
which, through t h e  c o n t i n u i t y  equat ion  q* V = 0 , impl ies  t h a t  
i . e , ,  t h a t  t h e  wave motion i s  t r a n s v e r s e .  
A l t e r n a t i v e  phys i ca l  d e r i v a t i o n  of t h e  d i s p e r s i o n  r e l a t i o n  
We o f f e r  an a l t e r n a t i v e  d e r i v a t i o n  o f  t h e  d i s p e r s i o n  r e l a t i o n -  
h 
s h i p ,  Consider a  column o f  f l u i d  wi th  a x i s  i n  t h e  8 d i r e c t i o n  
[Figure 1) which i s  d i sp l aced  a d i s t a n c e  S a long  t h i s  a x i s .  The 
v e r t i c a l  component o f  t h i s  displacement i s  S 0 .  The v e r t i c a l  
buoyancy fo rce  pe r  u n i t  mass tending t o  expel t h i s  column from i t s  
surroundings of d i f f e r e n t  dens i ty  and r e s t o r e  it t o  i t s  equi l ibr ium 
p o s i t i o n  i s  then - h l l  . Resolving t h i s  fo rce  i n t o  a  component 
p a r a l l e l  t o  t h e  o r i g i n a l  displacement (-l\las 0 ) and balancing 
it by t h e  a c c e l e r a t i o n  i n  t h a t  d i r e c t i o n  s , we o b t a i n  
+ N'aP0s = 0 
which rep resen t s  simple harmonic motion with frequency W = 2 Nm 8 .  
The group v e l o c i t y  of  these  waves, defined by 
is  i n  f a c t ,  using (7) o r  (8) with Ch) > 0 ,  
where t h e  minus s i g n  app l i e s  f o r  - $ == 0 4 g and t h e  p l u s  s i g n  
- 
for 4 ~ 0 ~  - 
2 * The phase ve loc i ty ,  def ined  by 
i s  thus perpendicular  t o  the  group v e l o c i t y  such t h a t  t h e  v e r t i c a l  cOm- 
A 
ponerat of  cr i s  equal and opposi te  t o  t h a t  of C (see  Figure 2 ) .  3 
Figure 2 
A physica l  j u s t i f i c a t i o n  f o r  t h e  term "grouptt v e l o c i t y ,  meaning 
t h e  speed of a  group of  waves i n  a  wave packet ,  can be obta ined  by con- 
s ide r ing  t h e  graphica l  superpos i t ion  of two wave t r a i n s  of t h e  same 
wavenumber, s l i g h t l y  d i f f e r i n g  f requencies ,  and so progressing i n  
s l i g h t l y  d i f f e r e n t  d i r e c t i o n s ,  I f  t h e  p a t t e r n  formed by t h e  con- 
s t r u c t i v e  and d e s t r u c t i v e  i n t e r f e r e n c e  of t h e  two wave t r a i n s  i s  
s tud ied  t h i s  p a t t e r n  i s  observed t o  progress approximately t r a n s-  
ve r se ly  t o  t h e  d i r e c t i o n s  of progression of  t h e  wave t r a i n s .  More- 
over,  s i n c e  t h e  wave t r a i n  whose wavenumber vec to r  i s  more nea r ly  hor-  
i z o n t a l  has t h e  g r e a t e r  phase v e l o c i t y ,  t h e  v e l o c i t y  of t h e  i n t e r f e r -  
ence p a t t e r n  w i l l  have an upward v e r t i c a l  component when t h a t  of t h e  
phase v e l o c i t y  i s  downward, and conversely.  Thus when waves a r e  gen- 
e ra ted  by an o b j e c t  moving with a  v e l o c i t y  w through an  otherwise 
motionless  f l u i d ,  t h e  hor i zon ta l  component of  t h e  phase v e l o c i t y  must 
be U , t o  in su re  t h a t  the  p a t t e r n  moves with t h e  o b j e c t ,  and t h e  ver-  
t i c a l  component of t h e  phase v e l o c i t y  must be downward a t  l e v e l s  above 
t h a t  of  t h e  o b j e c t ,  and v ice  v e r s a ,  
The e f f e c t s  of r o t a t i o n  
When, one might ask,  i s  r o t a t i o n  going t o  be an important in-  
f luence  on i n t e r n a l  g rav i ty  waves i n  a  geophysical s i t u a t i o n ?  We 
have a l ready remarked t h a t  i n  t h e  oceans and atmosphere 
whereas t h e  r o t a t i o n a l  period o f  t h e  e a r t h  i s  
Clear ly ,  f o r  i n t e r n a l  g r a v i t y  waves propagating with a  s i g n i f i -  
canr hor izonta l  component ( i  . e .  , s 0 C I  )) we have W = 0 I N )  and 
t h e  r o t a t i o n a l  modif icat ion w i l l  be n e g l i g i b l e ,  For waves propagating 
near ly  v e r t i c a l l y  ( i . e . ,  ho r i zon ta l  wavelength much g r e a t e r  than  t h e  
v e r t i c a l  wavelength), t h a t  i s  f o r  
k14m 
t he  d i spe r s ion  r e l a t i o n s h i p  w i l l  become, t o  good approximation 
w=p /$  
k Then i n  t h e  s i t u a t i o n  - 
WI x o ( I ,  it happens t h a t  
and the modifications due to roatation must be incorporated. This can 
be done by including the terms -2 n Y  , 2 n-u on the left-hand sides 
of Eqs. (1) and (2) respectively and rederiving the dispersion relation- 
ship. It can be shown that 
k" 9. mo N'-N'- /pa+ ma + (ln) -S 
which, in the limit vh -> 0, behaves like 
w a r  N.-$ r (2 n)' 
The functional dimensionless parameter which determines the im- 
portance of the role played by rotation is 
or, using instead of the wavenumbers k and Yn the horizontal scale 
L and the vertical scale H of the motion: 
When this parameter is large, rotational effects are negligible, but 
when it is of order unity, rotation ought to be taken into considera- 
tion. 
Notes submitted by 
Roland A. de Szoeke 
WAVE-WAVE INTERACTION 
William F. Simmons 
Consider internal waves whose motion is governed by the follow- 
ing system of equations: 
incompressibility V * U  = 0 (1 1 
continuity D f'Dt = O  
momentum 
Using t h e  c a r t e s i a n  a x i s  system shown below 
p?e 
t h e  a c c e l e r a t i o n  g = (0, 0, -g), k and a r e  t h e  hor i zon ta l  and i 
v e r t i c a l  wave numbers r e spec t ive ly .  Let A denote dimensioqless 
q u a n t i t i e s  formed a s  follows: 
A A A 
x-A%, a G t a ,  t = ~ t  
where a  i s  t h e  semi-wave amplitude defined i n  t h e  f i g u r e  
- - p . cons t . ,  r e s t  s t a t e  
N i s  t h e  Brunt frequency where 
We a l s o  de f ine  & =4/k , and a l s o  t h e  aspect  r a t i o  E * CC 1 ,  
i , e .  t h e  v e r t i c a l  d i s t ance  over which s e n s i b l e  changes i n  t h e  wave 
form occur i s  much g r e a t e r  than  t h e  wave amplitude. We w i l l  s e e  
t h a t  € measures t h e  s t r e n g t h  of  nonlinear  e f f e c t s .  The d e n s i t y  
p = 7 C°) +p' 
hlL The quan t i ty ,  6 3  - 1 0 - ~ t y p i c a l l y  f o r  t h e  ocean, measures t h e  $ 4  
s t r e n g t h  of e f f e c t s  due t o  varying i n e r t i a l  mass. We consider  t h a t  
v a r i a t i o n s  i n  d e n s i t y  a t  p o i n t s  i n  space a r i s e  from up and down 
wave motion, Thus 
def ines  t h e  f l u c t u a t i n g  component of  dens i ty  i n  dimensionless v a r i a b l e s .  
By taking  t h e  c u r l  of  t h e  momentum equation and r e t a i n i n g  only  
t h e  component normal t o  the  plane of  t h e  motion, we o b t a i n  a  v o r t i c i t y  
equation 
The system of Equations (I) ,  ( 2 ) ,  and (8) may be r e w r i t t e n  i n  t e r n s  
of  dimensionless variabPes.  For convenience we w i l l  omit t h e  symbol 
We ge t  
where repeated  s u b s c r i p t s  i o r  j imply summation over t h e  t h r e e  ca r-  
t e s i a n  components. Since C c 10-'and E * 10.' say ,  t h e  r i g h t -  
hand s i d e  of (10) i s  q u i t e  small .  For our  p resen t  purposes we w i l l  
neglec t  it completely, s e t t i n g  t h e  le f t- hand s i d e  of  (10) equal t o  
zero, CJ- terms can be t r e a t e d  i n  the  same way t h a t  nonl inear  terms 
w i l l  be t r e a t e d ,  They give r i s e  t o  v e r t i c a l  v a r i a t i o n s  of  semi- 
wave amplitude on t h e  length  s c a l e  $/Na ,* 
Consider now a wave p a i r  whose wave vec to r s  l i e  a t  angles  8 
and - 6 with t h e  hor i zon ta l  . 
"They w i l l  henceforth be ignored. 
Further, let us introduce a stream function so that 
Select as boundary conditions those appropriate to rigid horizontal 
planes on the top and bottom 
The linear (infinitesimal amplitude) approximation to the stream 
function y) is, in dimensional form for this wave pair (taking E = 0) 
a w  y, . T m ( k r - ~ t ) ~ ~  Cr (12) 
where we will take 
k x - w t s x  
ez P Q  
The condition (11) is satisfied by taking < D s M 7 From the 




 la. p . p, - m X s h  0. (15) 8 
By eliminating density and combining the first approximations to the 
continuity and vorticity equations, we get 
The solution is represented graphically for the first three modes per- 
mitted by the boundary condition. 
The con t inu i ty  and v o r t i c i  t y  equations,  r e t a i n i n g  terms o f  o(€) ,  may 
be represented  schemat ica l ly  a s  
2 ,  (4 + EN, ( K p )  = 
These may be combined t o  form one equation f o r  , c o r r e c t  t o  o ( E ) ~  
$ (Y)+  c n  (w ,w)  = 0 (17) 
One might consider  so lv ing  an equation of  t h i s  form by a Stokes ex- 
However the  homogeneous s o l u t i o n s  w i l l  be pe r iod ic  and u l t i m a t e l y  
secu la r  terms w i l l  appear i n  t h e  p a r t i c u l a r  i n t e g r a l s .  Thus t h e  per-  
tu rba t ion  expansfon (18) w i l l  cease  t o  be v a l i d  f o r  l a r g e  t o r  x .  
We w i l l  search  f o r  a  uniformly v a l i d  s o l u t i o n  by t h e  method of 
mul t ip l e  sca le s :  
We rep lace  t h e  x and t d e r i v a t i v e s  i n  t h e  equations a s  fo l lows:  
Now a t y p i c a l  second d e r i v a t i v e  is  computed a s  
Symbolically we rep lace  t h e  ope ra to r  h by 
1 - % + c R , t  e2A2-+ ... 
where t h e  R b  con ta in  d e r i v a t i v e s  wi th  r e s p e c t  t o  s lowly vary ing  
q u a n t i t i e s .  Note t h a t  A, i s  a  1 s t  o rde r  s lowly vary ing  d i f f e r e n t i a l  
ope ra to r ,  Az a 2nd order ,  and s o  on. Equation (17) wi th  Y) ex- 
panded i n  a  s e r i e s  of t h e  form (18) and t h e  independent v a r i a b l e s  
t r e a t e d  a s  i n  (19) becomes 
where we cons ider  on ly  f i r s t - o r d e r  slow v a r i a t i o n ,  l e t t i n g  TI--- ,  T, e t c ,  
Consider a fami ly  of experiments i n  whish two waves a r e  generated 
s imultaneously by a  paddle,  One wave has  parameters  
a,, w , ,  e, , k ,>  
considered a s  f i x e d  f o r  a11 experiments ,  The o t h e r  wave has  parameters  
a 3 ~  4'3 k3 
whleh a r e  f i x e d  f o r  a given experiment,  bu t  uJ and dJ may vary from one 
experiment t o  t h e  nex t ,  The approximate s t ream func t ion  f o r  t h e  two- 
wave system, i n  terms o f  "slow" and t t f a s t t t  v a r i a b l e s ,  i s  of  t h e  form 
where Ti , and ,ui a r e  s lowly varying phase ang le s .  S u b s t i t u t i n g  t h i s  
form i n  Equation (20) we g e t  
In  (22 )  t h e  term rep resen ted  symbol ica l ly  a s  $ (p') w i l l  b e  of t h e  form 
k = 7&,k k3 
where 4 = e ,&-e ,  
Lo= a,+ w3 
Ordina r i ly  t h e  new wave 4, < w i l l  no t  l i e  on any d i spe r s ion  curve. 
That i s  
(case A) 
We d e f i n e  t h i s  s i t u a t i o n  a s  "ordinary mutual in t e rac t ion1 ' .  Schemati- 
c a l l y ,  i n  t h e  ( , ) plane 
1. * d 3  > 
-1 
W 
We can, however, by a  c a r e f u l  choice of ( , , , , , ) and 
( 4 , e3 WJ ) . cons t ruc t  a case  where t h e  wave w , .k , C does l i e  on 
a d i spe r s ion  curve. That i s  
(case C )  
We c a l l  t h i s  s i t u a t i o n  "resonant mutual in t e rac t ion" .  Graphical ly:  a 
resonance between a  1- and 3-wave producing a  2-wave as shown by t h e  0 ,  
A second resonance wi th  1 and 3  producing a  4-wave i s  ind ica ted  a t  "O", 
Note, t h e  d i spe r s ion  curve f o r  t h e  3-wave has been s h i f t e d  t o  t h e  po in t  
( W ,  , k,  ) t o  perform t h e  superpos i t ion .  
A t h i r d  s i t u a t i o n  a r i s e s  when t h e  sum o r  d i f f e r e n c e  wave l i e s  
very c l o s e  t o ,  but not  exac t ly  on, the  proper  d i spe r s ion  curve.  
That i s  
(case B) 
This i s  c a l l e d  I tnearly resonant  i n t e r a c t i o n t t .  
The magnitude of t h e  terms i n  (22)  is  shown f o r  t h e  t h r e e  
cases i n  t a b u l a r  form. For case  A: 
where N. % means no term i s  p resen t .  Here, no terms can balance slow 
v a r i a t i o n s  a t  O(6) , so  t h e  1 and 3  waves have f ixed  parameters,  and 
order  E "harmonicstt a r e  p resen t  a t  k ,  zk kJ, 4,  .c { w ,  + w3 , with am- 3 ,  
p l i t u d e s  given by balancing 2 LY')  aga ins t  7 ( ly. qo) ,  
For case  B t h e  t a b l e  looks l i k e  
In  order  t o  achieve a  balance of 2 (v ' )  aga ins t  Y ) ( y b J ~ O )  f o r  
t h i s  case  we must have 
But t h i s  v i o l a t e s  t h e  s c a l i n g  by requ i r ing  t h a t  t h e  t tha~monic t t  waves be 
order  1, I f  we r e s c a l e  case B according t o  t h i s  p l an  we o b t a i n  case  B, 
Here, slow v a r i a t i o n s  i n  t h e  1- and 3-waves a r e  requi red  t o  balance 
terms a r i s i n g  from 2 , and t h e  O ( E )  term a r i s i n g  from t h e  almost tuned 
.$(%')wave con t r ibu tes ,  t oge the r  with t h e  slowly varying term, t o  balance 
l o  I N.T. 0 (1) 0 (1) 
7 (yaJ yo) , and for case C we obtain the table 




nonlinear terms for a perfectly tuned resonant triad. 
NOT. 0.1 0.1 
N.T. 0.1 0,l 
NOT. 0,l 0.1 
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THE EFFECTS OF STRATIFICATION ON ROTATING CRITICAL FLOW 
Melvin E, Stern 
Let us first review some notions about vorticity in homogeneous 
fluids. Consider a closed curve C encompassing an area A which moves 
with the fluid, Then the strength of the bundle of vortex lines en- 
closed by C is constant, This is the theorem of conservation of abso- 
lute vorticity f = V x x  expressed mathematically by 
in an inertial frame of- reference, Transforming to a system of coor- 
dinates rotating with angular velocity 2 the absolute vorticity in 
the above theorem must be written as 1 t 2 9 , where 5 is now the 
- 
vorticity relative to the rotating frame, and =LA is the so-called 
H 
planetary vorticity imparted to each fluid particle by the rotation. 
Consider now a system of coordinates in which fl = and denote 
h/ 
the vertical components of planetary vorticity by $ s I: fi and of rel- 
4 
ative vorticity by 5 = V X * K 
Consider two-dimensional horizontal flows in a horizontal con- 
stricted channel [Fig,l) so that relative vorticity has no non-zero 
component but in the vertical. Then a vertical column of fluid (vortex 
tube) of cross-sectional area 6 A  remains vertical as it passes through 
the channel, and the conservation of vorticity implies that 
(f + t )  6 A = constant on a streamline along the channel 
01 I Fig, 1 
Continuity demands also that 
4 & A o constant on a streamline 
where h = h(x) is the height of the channel, These two laws inply that 
k$- 5 constant on a streamline 
+I. 
This quantity is the potential vorticity, and this property, the con- 
servation of potential vorticity, is a quite general property of bounded 
homogeneous rotating flows, 
In the flow under consideration, the relative vorticity is 
zero upstream of the depth variation, and downstream; where 
u&y) is the distribution,downstream of the obstacle, of velocity across 
t h e  channel,  Then from the  conservat ion of  p o t e n t i a l  v o r t i c i t y  we 
have t h a t  
In t eg ra t ing  across  t h e  channel, we ob ta in  
The cons tant  of i n t e g r a t i o n  i s  deduced from t h e  con t inu i ty  o f  mass, 
i , e , ,  t h a t  t he  flow in teg ra ted  over a channel c ross  s e c t i o n  downstream 
must be t h e  same a s  t h a t  over an upstream s e c t i o n ,  
The pressure  d i s t r i b u t i o n  can be obtained from i n t e g r a t i n g  t h e  
i n v i s e i d  Euler equation: 
d,u A 
- - + f K x u = -  dt yv' I 
The v e l o c i t y  f i e l d  a s  shown above i s  given by 
IA = (u, 0, 0) upstream, 
-3 
= u 0 0) downstream, 
so t ha t  t h e  s u b s t a n t i a l  d e r i v a t i v e  of t h e  v e l o c i t y  f i e l d  vanishes  i n  both 
cases ,  In t eg ra t ion  y i e l d s  
P -P,, = -p .f U (j + ?. L) upstream, 
- LL) - k.+ (Cd + fi L)' downstream, 
- = - (1 a 
where T, , Ph, a r e  t h e  pressures  on t h e  wall  y : -& L pp- and down- 
s t r e m ,  respect ivePy,  
The s t e p  i n  bottom topography causes a  ho r i zon ta l  shear ing  of 
cu r ren t  downstream of t h e  s t e p .  The sense  of  t h e  shear ing  i s  determined 
by t h e  d i r e c t i o n  s f  r o t a t i o n  ( the  s i g n  o f  f): t h e  flow inc reases  from 
r i g h t  t o  l e f t  (looking downstream], The slowest  flow i s  along t h e  
r i g h t  wall (la = -& L) 
u(-+L)= 3 - * 
and i t  i s  poss ib le  t h a t  t h i s  flow can s t agna te  o r  r e v e r s e  on t h e  r i g h t  
wall, in which case the simple analysis presented here would break 
down. (See reference to Phillips (1963) at end of these notes,) 
The necessary condition for such a critical flow is then 
We introduce the Rossby number 
u 
- 
inertial (nonlinear] terms 
R O = ~  - rotational terms 
considered small in the present flow, Then an approximate condition 
for criticality is the following inequality for the aspect ratio of 
the step 
131,s L I -ZRe H 
This aspect ratio is considered to be small and nearer to the lower 
edge of the range, 
Define the ratio of the differences between the central ( y  = 0) 
and wall (y = - L) pressures downstream and upstream: 







t I  
this ratio becomes in the limit T o  -+ 0 (or equivalently, M/H + 0 
for homogeneous flows. 
Consider now the corresponding situation in a stratified flow 
whose density field is given by 
~ = P [ ~ ) + R P ' ( x ,  2 , ~ )  
where (z) is a basic linear stratification, a reference density, 
say 8 s (0 ) , and P' are the deviations (non-dimensional) from the 
basic stratification, The static stability is defined by 
Consider t h e  same channel a s  be fo re  wi th  a  topographic s t e p ,  
except t h a t  we now take  t h e  channel he igh t  t o  be  i n f i n i t e  i n  o rde r  t o  
f o r e s t a l l  complicat ions due t o  such t h i n g s  a s  r e f l e c t i o n  of  i n t e r n a l  
waves a t  t h e  upper boundary. A uniform flow v i s  supposed t o  e x i s t  
upstream o f  t h e  s t e p  a s  before .  The Boussinesq approximation i s  used 
throughout t h e  fol lowing a n a l y s i s .  
Now suppose t h e  s l o p e  of  t h e  bottom v a r i a t i o n  i s  s o  small t h a t  
s u f f i c i e n t l y  f a r  downstream no l e e  waves w i l l  b e  observed nor  w i l l  
waves be r e f l e c t e d  upstream, so  t h a t  t h e  motion can be cons idered  s t eady .  
Suppose a l s o  t h a t  t h e  dev ia t ions  (u,v,w) from t h e  upstream flow v , 
induced by t h e  bottom v a r i a t i o n ,  a r e  everywhere sma l l .  Then t h e  equa- 
t i o n s  of  motion can be l i n e a r i z e d  about t h e  b a s i c  flow v : 
The omit ted terms a r e  of  h ighe r  o rde r .  F P O ~  t h e s e  equat ions  we can ob- 
t a i n  t h e  a l t e r n a t i v e  s e t  
From t h e  boundary cond i t i on  
t h e  second of t h e s e  equat ions ,  i n t e g r a t e d  a long  t h e  wa l l  imp l i e s  t h a t  
These cond i t i ons  a r e  s a t i s f i e d  by a  p r e s s u r e  of t h e  form 
% = c + / +  ( -  ( c -  c-) + ( y:-) 'd 
but such a  p r e s s u r e  has no e f f e c t  o t h e r  t han  t o  induce a  cons t an t  down- 
stream flow a d d i t i o n a l  t o  U s 
Without l o s s  of  g e n e r a l i t y ,  then ,  we can s e t  
C+ = C, = 0 
so t h a t  the  boundary condit ions become 
- 
The v e r t i c a l  pressure  balance is  hydros ta t i c :  
Neglecting d i f f u s i v e  e f f e c t s ,  t h e  advect ion o f  pe r tu rba t ion  
d e n s i t y  by t h e  bas i c  flow must be balanced by the  v e r t i c a l  f l u x  of 
buoyancy : 
Combining the  l a s t  two equations,  we o b t a i n  
Applying t h e  operator(fa  + ay3 xs) t o  the  con t inu i ty  equation 
and s u b s t i t u t i n g  from t h e  equations above, we g e t  
Since t h i s  equation i s  l i n e a r  i n  p we can formally Four ier  
analyze with r e s p e c t  t o  X , so  t h a t  t h e  opera torvd/dx i s  replaced 
everywhere by ; k u , k being a  downstream wavenumber. Phys ica l ly ,  
t h i s  corresponds t o  analyzing t h e  topography M ( x )  i n t o  a  (continuous) 
Four ier  spectrum and c a l c u l a t i n g  t h e  p res su re  adjustment P (Y , z ; k) f o r  
each component N\ (k)e i k x .  Clear ly ,  f o r  a  general  topography (x) 
t h e r e  w i l l  be small s c a l e  e f f e c t s  ( i . e . ,  l a r g e  wavenumber k ) caused 
by t h e  l a r g e  k components of t h e  topography, however, s i n c e  t h e  
smoother M (x )  t h e  more quickly  i t s  spectrum M (K) f a l l s  o f f  a s  
)( -os, l e t  us  consider  only topographies s u f f i c i e n t l y  smooth t h a t  
l a r g e  wavenumber e f f e c t s  can be neglec ted .  That is, we cons ider  wave- 
numbers f o r  which 1 . Thus, t h e  aa /a  r' opera to r  may be ne- 
g lec ted  i n  comparison with t h e  a'/aya opera to r ,  and t h e  f a c t o r  
( f L -  u ~ K " )  = $%(I  - Ro i [ k  L )~ ) ,  T o  = 
- 
may be approximated by f L  f o r  any Rossby number, 720 6 1 . F i n a l l y ,  t h e  
equation we s h a l l  consider  i s  w r i t t e n  
We require a bottom boundary condition and a radiation condi- 
tion as 2---=P 00. Since we consider small amplitude bottom variations, 
the bottom condition can be inposed at the mean level z = 0: 
Thinking in terms of Fourier components, we may write this as 
,(,,o;k) = i k W M  ( K )  
This condition must be expressed in terms of the pressure field. By 
combining the hydrostatic and density conservation equations 
Hence, 
Non-dimensionalize the equations and boundary conditions by: 
so that the equations can be written as (dropping the subscripts 7 now): 
A rough argument for the onset of critical flow is now given. 
The ratio \d of pressure differences introduced in the homogeneous case 
is given by 
In  t h e  quasi-geostrophie l i m i t  of small Rossby number, %a++- 0 , t he  
s ~ d e w a l l  boundary conditions become 
The form of so lu t ion  t o  be expected from t h e  boundary condi t ions  
may be sketched schematical ly (F ig ,2 ) ,  The s i t u a t i o n s  correspond 
F i g ,  2 
Schematic of t h e  s o l u t i o n  f o r  Ro = 0, Arbi t r a ry  u n i t s  f o r  # 
t o  hea t ing  from below a body whose s i d e s  a r e  held a t  a  cons tant  tem- 
pera tu re ,  
The s idewal l  boundary condi t ions  and t h e  Laplaee equation sug- 
ges t  eigenfuncricns of t h e  form t?-n "'A ( ~ 3  Y,) ( 7'~ is an i n t e g e r )  , 
The necessary superpos i t ions  of these  funct ions  t o  s a t i s f y  t h e  bottom 
boundary condi t ion  t u r n s  out  t o  be 
From t h i s  we obta in :  
Menc e 
I f  t h e  v a l i d i t y  o f  t h i s  model may be s t r e t c h e d  t o  FMV-'* 1, 
a value of 7 corresponding 60 c r i t i c a l  eonditi .ons i n  t h e  homogeneous 
case is obtained. In the corner Y ' "  = 0 the perturbed velocity 
field 24 
&-dll 
has a singularity which we may consider associated with the critical 
A treatment for non-zero Rossby number (derived by Dr, Herbert 
Huppert after the lecture) may be given which resolves the ambiguities 
in the Tc = 0 situation, 
The sidewall boundary conditions 
suggest an expansion of the solution in the non-orthogonal set of 
functions 
However, another type of solution with shorter length scales [ o ( R ~ ]  
is suggested: 
M P  ( y  4 1  
This solution corresponds to Kelvin waves* trapped along the right-hand 
wall, [Notice that the expon@ntlal decline can be in the negative y- 
direction o n l y , )  Because of the remarkable property of these waves that 
their group velocity is in the opposite 2-sense from their phase velocity, 
the pHus sign represents a wave radiating energy to infinity and the 
minus sign a wave radiating energy from infinity, The appropriate radia- 
tion condition eliminates the latter. 
Consider then a solution of the foam 
# =,sd$bt '""* [ r i m & ~ ~ j + % n a c m ( n ~ ~ ) ]  - 
*Although the present model is steady ( d/at: = 0 )  it is equivalent to 
the situation of an obstacle being towed with velocity -v through a 
ro ta t ing  channel filled with motisnless fluid, in which ease the factor 
* i k x  implicit above is replaced by e ' ) This is the sense 
in which, we mean "wavestt. 
B, A are constants to be determined. For the time being, replace the 
n 
bottom condition by the weaker condition: 
The problem is now homogeneous and can be solved to within a constant 
factor. This condition demands that 
for 0~ LJ 1 . This condition can be extended into the range -I L L 0 Y 
by substituting -y for y: 
for 0 6 9  4 1 a Adding these, we obtain: 
Hence , ,I 
Note that by differentiFting the previous relation in the range O I c y  I : 
and adding, we recover the original condition: 
We now use 
to obtain the constant B: 
- 1  
This determines B in terms of the Rossby number. 
The minimum velocity U (possibly negative) occurs in the corner 
y - z = 0, and is proportional, in the geostrophic limit %--+ 0 ,  to 
a 9 /a 2 So we must evaluate A - ; B R O  
0 4 ,i 
Straightforward integration shows that 
R* rimh ( 1 /TQ) 
0 
so that 
( B R O ~ ;  - [ I +  n c bdd R* I + s t m ~  n* 5i.30~ CI/%)I 
and I 
= -2 (BRO)RO & ( l / @ )  & n-qxo(~cn-+R~'J 
n add n' tl 
I 
- 
- 2& :,niiR*(,*na TSR.~) 
I I 
x ( l t n * i i z ~ $ ) +  . g i n h ~ / ~  k o l d  
The infinite sums can be replaced by integrals in the limit 
-fzo-+ 0 Consider as integration variable, 9 = hT RQ ; then the 
differential d replaces the summation interval 'iT & . Hences in 
the limit Re- 0 : P" d-e i 
Now 
Q g  ("0)'- Ye, 'Ti ( i i ~ o )  
asymptotically as %* 0 , and there is a logarithmic sfngularity in 
the corner y = z = 0, 
For small Rossby number, the geostrophic approximation holds, 
so that, in dimensional units: 
-* -  
v - 
Clearly, in the critical case of stagnation in the corner where this 
ratlo must approach and exceed unity, the geostrophic assumption under 
which this formula was obtained is invalid. That is, however small the 
Rossby number, geostrophy is violated in the corner at onset of stagna- 
t i o n  because t h e  p e r t u r b a t i o n  v e l o c i t y  i s  t h e  same magnitude a s  
t h e  b a s i c  flow u . Nevertheless ,  we may regard  t h e  c r i t e r i o n  f o r  
s t a g n a t i o n  obta ined  by s u b s t i t u t i n g  f o r  @ i n  t h e  corner ,  2 
as a t  l e a s t  a  necessary cond i t i on  f o r  c r i t i c a l  flow i n  an  homogeneous 
f l u i d  . 
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EXPERIMENTS I N  STRATIFIED FLUIDS 
Tony Maxworthy 
We w i l l  concen t r a t e  on two main a r e a s  o f  r e sea rch  a f t e r  d i s -  
cuss ing  t h e  parameters  involved and types o f  experimental  methods 
which have been used: 
1 )  " f l a t n e s s t t  e f f e c t s  : t h e  tendency of  s t r a t i f i e d  f l u i d  flows 
t o  be one-dimensional, 
2)  wave phenomenon: i n  p a r t i c u l a r  l e e  waves, s o l i t a r y  waves and 
shear  l a y e r  i n s t a b i l i t y .  
See Lecture,  p.14, f o r  a  d i s c u s s i o n  of i n t e r n a l  waves. 
I  Non-dimensional Darameters 
A) Reynolds number 
xe .vd/-v -y i n e r t i a l  f o r c e s  
v iscous  f o r c e s  
B) P rand t l  and Schmidt numbers 
?r , sc =-o/D - 
h e a t  o r  s p e c i e s  d i f f u s i o n  t ime 
v iscous  d i f f u s i o n  t ime 
These de f ine  w i t h i n  t h e  f l u i d  a  v a r i e t y  o f  l eng th  s c a l e s .  I n  wave 
and s t a b i l i t y  problems i f  Sc >> 1, then  t h e  l eng th  s c a l e  f o r  v i scous  
d i f f u s i o n  i s  much g r e a t e r  t han  t h a t  f o r  s p e c i e s  d i f f u s i o n .  This  
s t rong ly  a f f e c t s  t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of  shea r  flow. 
C) Richardson's number: several different definitions are used 
depending on circumstances under discussion. 
1) Layer Richardson number 
a is well-defined and continuous) 2P d' (when - 
.at 
C)  
N buoyancy forces (buoyancy frequency ) ' or 
inertial forces (shear frequency) 2 
If Ri >> 1 then the wave speed is much greater than the flow speed. 
Information is then transmitted upstream at essentially infinite 
speed, leading to flatness effects. 
2) Layer Richardson number, when A p  is well defined and P 
is constant on either side of layer. c 
In the field this is the easiest to measure. 
3) Gradient Richardson number: locally defined 
J occurs in stability analysis. A generally used criterion is that if 
J 5 114 then the flow will tend to be unstable to infinitesimal dis- 
turbances. 
4) Flux Richardson number: useful for energy considerations: 
I1 How to do experiments 
A) Equipment 
1) Tanks 
Generally with a free surface, Several methods used to produce 
the stratified density field: 
a) Old method: put in several thin layers of progressively 
lighter fluid, using salt as the density variation-producing agent, 
Molecular diffusion will then smooth out the profile. The time scale 
2 involved is on the order of d /D N lo5 seconds for one centimeter 
layers, and is too long for practical use to be made of this method. 
b) External mixing, 
The f l u i d  i n  t h e  supply tank i s  i n i t i a l l y  a t  t h e  maximum d e n s i t y  
des i r ed ,  As f l u i d  i s  f ed  t o  the  experiment tank a t  r a t e  Q v i a  t h e  
feed f l o a t ,  t h e  supply tank i s  continuously replenished a t  r a t e  Q2 
by l e s s  dense f l u i d .  The paddle ensures uniformity of t h e  supply,  
I f  Q2 = Q1# then t h e  r e s u l t a n t  s t r a t i f i c a t i o n  w i l l  be exponential ;  
i f  Q2 = 2Qp, then t h e  r e s u l t a n t  s t r a t i f i c a t i o n  w i l l  be l i n e a r ,  
c) Modern v a r i a t i o n  on a )  ( In te rna l  mixing) 
Put two t h i c k  l a y e r s  i n t o  t h e  tank, and tow an o b j e c t  through 
t h e  i n t e r f a c e ,  c r e a t i n g  i n t e r n a l  waves and turbulence .  The as soc ia t ed  
tu rbu len t  eddy d i f f u s i v i t y  i s  much g r e a t e r  than  t h e  molecular d i f f u-  
s i v i t y ,  so  t h e  smoothing-out time s c a l e  i s  correspondingly decreased 
t o  a f a i r l y  reasonable va lue .  With some p r a c t i c e ,  a nea r ly  l i n e a r  pro- 
f i l e  can be generated.  
d )  Heating i s  sometimes used, both f o r  water and f o r  a i r ,  
There a r e  se r ious  problems with s i d e  wall  convect ive e f f e c t s ,  
2)  Tunnels 
a) Berkeley tunnel  ( a i r )  
Open r e t u r n ,  Used t o  s tudy shear  l a y e r s  i n  s t r a t i f i e d  f l u i d s .  
Problems with wall convection and a l s o  with flow s t agna t ion  and wave 
formation i f  opera t ing  parameters a r e  not  i n  c o r r e c t  range ,  
b) MHT tunnel  ( a i r )  
Used t o  s tudy smokestack plumes i n  s t r a t i f i e d  cross- flows.  The 
twelve r a d i a t o r s  a r e  used t o  t a i l o r  t h e  dens i ty  f i e l d ,  while  t h e  twelve 







Four brine layers are fed into the tunnel from four supply 
reservoirs, pass through the tunnel, mixing slightly, and are removed 
by four scoops at the tunnel end, and returned to the reservoirs. 
Due to the sllght mixing, there is a slight drift in the supply den- 
sities, FOF runs of less than one hour this presents no difficulties, 
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A series of paddles just downstream of the inlets can be used to smooth 
out the density discontinuities. 
d) Johns Hopkins tunnel (water) 
Closed loop tunnel using a novel pumping technique to pump a 
series of layers more or less independently 
Test Section 
The overlapping circles represent two stacks of disks meshed together. 
The fluid is pumped by the viscous drag on the disks. The meshed area 
prevents backflow. At the present too much mixing occurs downstream of 
the disk stack. 
B) Instrumentation 
l] Dye-: useful for marking layers, and showing streamline dis- 
tortion. Can also be used for indicating velocity profiles - if a 
potassium permanganate crystal is dropped into the tank, it leaves a 
straight colored wake, which will distort in direct proportion to the 
velocity field. 
2)  Neutra l ly  buoyant p a r t i c l e s :  dens i ty  can be t a i l o r e d  t o  any- 
3  
where i n  t h e  range 1 . 0  t o  1.4 [gm/cm ).  
3) H o t - f i l m j r o b e s :  usua l ly  run a t  cons tant  temperature.  The 
cu r ren t  i s  propor t ional  t o  Pu , so an independent measure of  d e n s i t y  
i s  needed, Usually t h e  Boussinesq approximation i s  made. 
4) Conductivity probes: these  make use  of  t h e  f a c t  t h a t  t h e r e  i s  
a  d i r e c t  one-to-one r e l a t i o n s h i p  between e l e c t r i c a l  conduc t iv i ty  and 
s a l t  content  (and t h e r e f o r e  dens i ty ) .  The probe has two e l e c t r o d e s :  
one a  f l a t  conductive p l a t e ,  t h e  o t h e r  a small platinum bead on a  wire:  
The e l e c t r i c  f i e l d  l i n e s  a r e  h ighly  co icen t ra t ed  a t  t h e  bead, ensuring 
t h a t  most of t h e  con t r ibu t ion  t o  t h e  measurement comes from t h e  bead, 
and no t  t h e  support ing s t r u c t u r e ,  
5) PH method: (see Baker) t h i s  method i s  use fu l  f o r  low ve loc i-  
t i e s  [from 0 t o  5 cm/sec). Two e lec t rodes  a r e  placed i n  a  s o l u t i o n  of 
thynaol b lue  near  its end po in t .  A D O C ,  vol tage  i s  app l i ed  t o  t h e  e l ec-  
t rodes .  This induces a  proton exchange r e a c t i o n  near  t h e  p o s i t i v e  e l ec-  
t r o d e  t h a t  causes t h e  s o l u t i o n  t o  change i t s  co lo r  from yellow t o  b lue .  
I n  p r a c t i c e ,  t h e  p o s i t i v e  e l e c t r o d e  i s  a  f i n e  wire  (or a  s e t  of f i n e  
wi res ) ,  while  t h e  o the r  e l e c t r o d e  i s  j u s t  a  p l a t e  loca ted  i n  an  unim- 
por t an t  region  o f  t h e  flow f i e l d .  The vol tage  i s  pulsed,  so  t h a t  cy- 
l i n d r i c a l  marked regions  of f l u i d  a r e  crea ted  a t  t h e  wi res  and c a r r i e d  
along by t h e  f l u i d  a s  Lagrangian markers,  
I11 S p e c i f i c  problems 
A) Fla tness  e f f e c t s  
1 )  Body flows: f i r s t  examined by Long, who towed shal low bodies 
along t h e  bottom of  a  t ank ,  A t  h igh  Richardson number he  found a  blocked 
region  ahead of t h e  body where t h e  f l u i d  moved a t  e s s e n t i a l l y  t h e  same 
v e l o c i t y  a s  t h e  body. Above t h e  blocked region ,  t h e  v e l o c i t y  p r o f i l e s  
exhib i ted  a number of a l t e r n a t e  j e t - l i k e  flow reg ions .  
This  kind o f  behavior i s  a  genera l  c h a r a c t e r i s t i c  of flows i n  
which t h e  body f o r c e  i s  t r a n s v e r s e  t o  t h e  o b j e c t  v e l o c i t y .  
More r e c e n t l y ,  Browand and Winant have looked a t  t h e  flow about  
a towed c y l i n d e r .  The experimental cond i t i ons  were: 
The experiments were run  i n  a  f o r t y - f o o t  channel e ighteen  inches  deep. 
The cy l inde r  was one inch  diameter .  The cond i t i on  R;/sc CL I means 
t h a t  t h e  s a l t  f i e l d  does not  have enough t ime t o  d i f f u s e  dur ing  t h e  
experiment. The condi t ion  ( R ~ / R ~ ) ' L L  1 means t h a t  t h e  flow f i e l d  can  
be considered t o  be i n e r t i a l e s s .  The flow f i e l d  they  observed looked 
l i k e  t h i s :  
The v e l o c i t y  f i e l d  was s t r o n g l y  per turbed  f a r  ahead of  t h e  
blocked reg ion ,  and t h e r e  was r e c i r c u l a t i o n  i n s i d e  i t ,  I t s  l eng th  
c o r r e l a t e d  wel l  wi th  e x i s t i n g  t h e o r i e s ,  and was 
4 
x/d = (0.155) ReRi 
Even i n  t h i s  long tank ,  t h e  e f f e c t s  of t h e  end wa l l  were e a s i l y  seen: 
X measured 
* theory  
5 I n  t h e  experiments ReRi ranged from 2 x t o  3 x 10 (L' i s  t h e  
4 i s t a n c e  from t h e  cy l inde r  t o  t h e  end w a l l ) .  " 
If t h e  same experiment i s  r u n  wi th  a  f l a t  p l a t e ,  a  forward 
growing boundary l a y e r  i s  found: 
- - 
Z 
- - I-) 
The blocking phenomenon can be p red ic t ed  simply by t ak ing  
i n e r t f  a l e s s  B i m i t  (Ri --i. 00) and t h e  i n v i s c i d  l i m i t  (ReRi -2 00)  
i n  t h e  equat ions o f  n o t i o n ,  This  l e a d s  t o ,  f o r  flow i n  t h e  x- d i r ec t ion :  
23 F lu id  source /s ink  problems 
I n j e c t i n g  f l u i d  of  d e n s i t y  (zl)  a long  a  l i n e  zl .  For a  c o n s t a n t  
volume f lux ,  s i m i l a r i t y  theory  p r e d i c t s  t h a t  t h e  s l u g  width i s  propor-  
5/ 6 t i o n a l  t o  tli6, and t h a t  t h e  s lug  length  i s  propor t ional  t o  t 
Maxworthy experimentally v e r i f i e d  t h i s .  Again, s t rong  v e l o c i t y  per-  
tu rba t ions  were found a considerable d i s t ance  upstream of t h e  s lug .  
The corresponding problem of withdrawal of f l u i d  has a l s o  been 
examined, 
3) Layering phenomenon 
a )  I f  a hemispherical blob of  f l u i d  a t  z = zl and P = P (zl)  
is re leased ,  it undergoes g r a v i t a t i o n a l  co l l apse .  I n  t h e  process i t  
r a d i a t e s  g r a v i t a t i o n a l  waves - mostly corresponding t o  ( w/N p8). 
The f i n a l  conf igura t ion  resembles t h e  above s l u g  conf igura t ion .  Close 
examination of t h e  s lug  shows small s c a l e  dens i ty  s t r i a t i o n s .  
b) If an o b j e c t  i s  o s c i l l a t e d  v e r t i c a l l y ,  it genera tes  waves, 
which propagate a t  an angle  which depends on r a t i o  of  t h e  o s c i l l a t i o n  
frequency t o  Brunt frequency, Mixing phenomena occur.  The f i n a l  s t a t e  
again shows d e n s i t y  s t r i a t i o n s  due t o  t h e  mixing and subsequent spread- 
ing  of  blobs of cons tant  dens i ty .  
c)  Closer  examination of t h e  thermocline region  of  t h e  ocean 
over t h e  r ecen t  years  has revealed s t r i a t i o n s  of many s c a l e s  superim- 
posed on t h e  mean dens i ty  p r o f i l e .  Layering of  t h e  mixed regions  
c rea ted  by i n t e r n a l  wave breaking, f o r  example, i s  one explanat ion  of 
t h i s  phenomenon. 
B, Wave Phenomenon 
1) Shear i n s t a b i l i t y  
a )  case  where Sc >> 1 
FOP t h i s  case t h e  viscous d i f f u s i o n  length  i s  g r e a t e r  than  t h e  
dens i ty  d i f f u s i o n  length ,  leading t o  a d i s t r i b u t i o n  of t h e  g rad ien t  
Richardson number shown below (see Brownand and Wang f o r  d e t a i l s ) ,  
J L & somewhere, so i n s t a b i l i t y  is  t o  be expected. I n i t i a l l y  l i n e a r  
waves of two types develop: c l a s s i c a l  Kelvin-Helmholtz type,  and so- 
c a l l e d  Holmboe waves: s e p a r a t e  waves i n  t h e  top  and bottom which i n t e r -  
a c t  through t h e  i n t e r f a c e .  Next, i n  t h e  nonlinear  regime of K-H waves 
a r egu la r  s e r i e s  of v o r t i c e s  i s  observed, which grow, i n t e r a c t  and 
generate subharmonics. Eventually, this system collapses, generating 
internal waves and turbulence. 
Finally, the system stabilizes, with new characteristic thick- 
nesses : 
If the system is allowed to continue to develop, eventually the en- 
tire process could repeat. 
b) Case with Pr = O(1) 
See Scotti and Corcos for details. They investigated stati- 
cally stable stratified shear layers using the Berkeley wind tunnel 
described in earlier section. The minimum gradient Richardson number 
J could be adjusted over the range 0.07 to 0,76. They obtained, among 
other things, three values of growth rates of disturbances, for three 
values of minimum 3 ,  The extrapolation of this data showed that the 
growth rate disappeared for Jmin = 0.22, which is in good agreement 
with the often quoted stability criterion of J = 0.25. 
2) Lee waves 
Long, in the references mentioned before, found that for a 
two-layer system with an obstacle height very much less than the un- 
disturbed lower layer thickness, oscillations occurred downstream of 
the obstacle (provided that the flow was subcritical: layer Richardson 
number (Rd >?fi) . In the continuously stratified case, the same kind 
of patterns were observed, with the patterns becoming more complicated 
as the Richardson number was increased. 
3) Solitary waves 
Davis and Acrivos investigated the formation of solitary waves 
in a stratified, incompressible fluid. Their analysis is based on the 
inviscid equations of motion, assuming that the characteristic wave- 
length of the motion is very much greater than the characteristic thick- 
ness of the density variation. They made a numerical computation of 
some streamline patterns which compared well with those observed in 
their experiments, A simpler analytical calculation by Benjamin gave 
essentially the same results. For larger amplitude waves they ob- 
served a region of closed streamlines accompanying the wave and ulti- 
mately wave breaking, The former was also indicated by their numerical 
solutions, but the assumptions used in the formulation of the problem 
break down when the closed streamlines occur. Note that the distur- 
bances in this problem decay exponentially away from the interface 
region, 
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DOUBLE -DIFFUSIVE CONVECTION 
Herbert E, Huppert 
I. The occurrence of double-diffusive convection 
The occurrence of double-diffusive convection has the following 
minimum requirements: 
1 )  t h e  f l u i d  must c o n s i s t  of two (or  more) components: e .g . , hea t  
and sal t  i n  t h e  ocean; 
2) t h e  components must have d i f f e r e n t  d i f f u s i v i t i e s ;  
3) t h e  opponents must make opposing c o n t r i b u t i o n s  t o  t h e  v e r t i c a l  
d e n s i t y  g r a d i e n t .  
I I .  Mechanisms 
We w i l l  u t i l i z e  t h e  Boussinesq approximation: 
p=& ( I - o ~ T + ~ S )  
which g ives  f o r  t h e  v e r t i c a l  g r a d i e n t  of  d e n s i t y  (note: z i s  v e r t i c a l l y  
ypward) : I 3~ aT +,,as 
--=-o(- 
P, 3s a~ 3 3 
i . e . ,we  can d i s t i n g u i s h  two cases  f i t t i n g  t h e  requirements  o f  I ,  and 
aP having s t a t i c a l l y  s t a b l e  (- C 0) d e n s i t y  p r o f i l e s :  
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">o / 3 % > 0 )  case  i i  (-w= 
Case ( i )  l eads  t o  a  monotonic mode, wh i l e  case  ( i i )  l e ads  t o  an  os-  
c i l l a t o r y  mode; f o r  i n f i n i t e s i m a l  d i s tu rbances .  
A.  Monotonic mode 
Case ( i )  corresponds t o  t h e  c a s e  of  h o t t e r ,  s a l t i e r  water  over  
co lde r ,  f r e s h e r  water (H, S/C, F ) .  This  might occur  i n  t h e  t r o p i c a l  
oceans due t o  t h e  e f f e c t  o f  s u r f a c e  h e a t i n g  and evapora t ion ,  and t h e  
presence of  a n t a r c t i c  bottom water .  
Stommel e t  aZr(1956) proposed t h e  fo l lowing  thought  experiment:  
Suppose t h a t  a  long t h i n  tube  i s  lowered i n t o  t h e  ocean, i n  such a  way 
t h a t  t h e  e l e v a t i o n  of  f l u i d  elements is  n o t  a l t e r e d .  I f  t h e  column of 
f l u i d  i s  l i f t e d  s l i g h t l y  by apply ing  a  p r e s s u r e  d i f f e r e n c e  t o  t h e  upper 
end of  t h e  tube ,  then a  g iven  f l u i d  element f i n d s  i t s e l f  c o o l e r  t han  
i ts  neighbors o u t s i d e  t h e  tube,  a s  we l l  a s  l e s s  s a l t y .  Heat i s  con- 
ducted through t h e  tube wal l ,  and thermal equil ibr ium i s  reached. The 
tube  wall  i s ,  however, impermeable t o  s a l t ,  so  t h e  element ends up 
l i g h t e r  than  i t s  neighbors ou t s ide  t h e  tube, experiences an upwards 
buoyancy force ,  and a c c e l e r a t e s  upwards. The motion w i l l  now continue 
without t h e  e x t e r n a l l y  appl ied  pressure  d i f f e rence ,  which i s  j u s t  neces- 
s a r y  t o  "primef1 t h e  so- cal led  s a l t  pump. 
The same mechanism works f o r  elements lowered below t h e i r  s t a t i c  
equil ibr ium po in t :  t h e  element f inds  i t s e l f  i n  a coo le r  environment, 
t r a n s f e r s  hea t  t o  the  surroundings, and ends up a t  t h e  same temperature 
a s ,  but  with more s a l t  than i t s  surroundings. I t  f e e l s  a negat ive  buoy- 
ancy fo rce ,  and acce le ra t e s  downward. The motion i n  t h i s  s a l t  pump de- 
r i v e s  t h e  k i n e t i c  energy from t h e  p o t e n t i a l  energy s t o r e d  i n  t h e  unsta-  
b l e  s a l t  f i e l d .  An attempt was made by Stommel, Nagaard and Howard i n  
1970 t o  experimentally v e r i f y  t h i s  i n  t h e  ocean. A dynamic head of 
about 60 cm was a t t a i n e d .  The r e s u l t  was, however, inconclusive,  be- 
cause of complications involving t h e  f l e x i b i l i t y  of t h e  tube and t h e  
sea  swel l .  
I n  1960, S te rn  noted t h a t  t h e  phys ica l  tube  was a c t u a l l y  unneces- 
sa ry :  s i n c e  KT 22 KS , na tu re  provides i ts  own b a r r i e r  t o  s a l t  d i f f u -  
s ion ,  d i f f e rences ,  t h a t  is  temperature d i f f e rences  a r e  smoothed ou t  much 
more r ap id ly  than  s a l t  concent ra t ion  d i f f e rences .  
Continuity leads us t o  expect a l t e r n a t e  up and down moving columns. 
This conf igura t ion  i s  c a l l e d  t h e  s a l t - f i n g e r  conf igura t ion:  
The s a l t - f i n g e r  mechanism i s  most e f f e c t i v e  f o r  r a t h e r  t h i n  columns: 
too th i ck ,  and t h e  hea t  t r a n s f e r  is  i n h i b i t e d ;  too  t h i n ,  and t h e  motion 
i s  damped o u t  by v i s c o s i t y .  
B. Oscillatory mode 
Case (ii) corresponds to colder, fresher water over hotter, 
saltier water (C, F/H, S) . 
If, in the same mechanical configuration as the salt pump, a fluid 
element is lifted up in this density field, it finds itself hotter and 
saltier than its neighbors. After it gives up its heat, it therefore 
ends zrp heavier than its surroundings, and experiences a negative buoy- 
ancy force. If the suction is removed from the tube, the column will fall. 
Even if we ignore inertia, we can see that a given element will tend to 
overshoot its original level, since it is now colder and therefore denser 
than its original level. With inertia included, the element will over- 
shoot even its new equilibrium level. It then finds itself in hotter 
saltier surroundings, is heated, and experiences an upwards buoyancy force, 
and rises. The same arguments about overshooting can be applied here. 
This leads to vertical oscillations of the column at a growing amplitude: 
the so-called "over-stable" mode. In the actual oscillatory process, the 
element is continuously transferring heat to and from the environment, so 
the cyclic average of buoyancy forces should be used. On the average 
over a cycle, the element experiences a net positive temperature induced 
buoyancy force, and a net negative salinity induced buoyancy force. Vis- 
cosity acts to damp any motion. When the temperature effect is greater 
than the salinity and viscosity effects, the over-stable mode can occur. 
As before, the tube is unnecessary, due to the difference in dif- 
fusivities for heat and salt, The continuity equation leads us to ex- 
pect the motion to be oppositely directed in adjacent columns, leading 
to an oscillating cell-like structure. The physical configuration is the 
same as the salt finger one above, but now the velocities in the "fingers" 
are periodic in time (and change direction). 
111. The ~ a ~ l e i ~ h - ~ g n a r d  problem 
We consider two horizontal surfaces, infinite in extent, and 
separated by H. The upper is maintained at zero temperature and salinity, 
the lower at AT and A 5 . 
A .  Nondimentionalization, equilibrium state, and governing equations. 
ti" Scale lengths by H, times by , velocities by --$ , and 
T 
temperature and salinity by AT and A $ . 
The equilibrium state is 
temperature = AT(/ -2)  salinity = DS (I -4 
Substitution of the nondimensional variables into the two- 
dimensional linearized equations of motion gives: 
The first equation represents the time rate of production of vorticity 
by horizontal gradients of temperature and salinity, and by viscous 
diffusion. The other two eiquaiions are the diffusion equations for 
salt and heat. In the equations, T and S represent the nondimensional 
deviations of the temperature and salinity fields from the equilibrium 
state. The following parameters appear 
b = Prandtl number = V / K ~  
Rr = thermal Rayleigh number = o*% AT H ' / K ~  3 
d thermal buoyancy force 
viscoui force 
Rs = solutal Rayleigh number H ~ K ~ Y  
- saline buoyancy force 
viscous force 
This choice for & over the more obvious one: 3 H ~ K S  * 
proves to be convenient, 
The choice of boundary conditions is motivated primarily by math- 
ematical simplicity, and not by a desire to model laboratory experi- 
ments, We consider the case of free-free boundaries, 
no normal flux: W = O  a 3 0, f 
zero stress: q s  0 Q i?t = 0,1 
zerotemperature and salinity perturbation: T = S = 0 @ z = 0, 1 
B, Normal mode s o l u t i o n s  
We look f o r  s o l u t i o n s  of  t h e  form: 
y = M p  ( p ~ ) s t n 7 T & x  dm72 
t h e  z dependence is  '~TP no t  mn?  because we a n t i c i p a t e  t h a t  t h e  
lowest o rde r  mode w i l l  be  l e a s t  damped by v i s c o s i t y .  The a p p r o p r i a t e  
form f o r  s a l i n i t y  and temperature is  then:  T, S oc erp ( p t  ) CU+ 4 
Note t h a t  t h e  phys ica l  v a r i a b l e s  w i l l  be  taken a s  t h e  r e a l  p a r t s  of 
t h e s e  express ions ,  s i n c e  p can be complex: p = pr + i p i  p, > 0 
correspdnds t o  growth wi th  t ime,  
S u b s t i t u t i o n  of  t h e  assumed s o l u t i o n  form (see Veronis ,  1965 
and 1968) g ives  a t h i r d  o rde r  a l g e b r a i c  equa t ion  f o r  p :  
a. .L 
"7 + CTK '+ ( R ~ ~ ~ R ~ )  r T  0 P(~C~+I)K~+KT+~ ~K-)KY(~~~-R~)~~ p 
where K' = T'(w*+ I) 
The equat ion has r e a l  c o e f f i c i e n t s ,  s o  t h e r e f o r e  has  e i t h e r  t h r e e  r e a l  
r o o t s  o r  one r e a l  r o o t  and two complex conjugate  r o o t s .  The complex 
r o o t s  a r e  a s s o c i a t e d  wi th  an  o v e r s t a b l e  o s c i l l a t o r y  i n s t a b i l i t y  f o r  
p 7 0, wi th  t h e  s t a b i l i t y  margin g iven  by p, = 0, pi f; 0 .  The r e a l  r 
s o o t s  a r e  a s soe l a t ed  with a monotonic i n s t a b i l i t y  f o r  p r >  0, wi th  t h e  
s t a b i l i t y  margin given e i t h e r  by pr = 0, and pi = 0 ( t h e  "exchange o f  
s t a b i l i t i e s t t  p o i n t ) ,  o r  by pi+O, and pr > 0 ,  
The most dangerous mode i s  wL=f  t h a t  i s ,  t h e  one which g ives  
t h e  minunun va lue  of  c r i t i c a l  Rayleigh number, I f  we va ry  RS and RT 
whi le  keeping a l l  t h e  o t h e r  parameters  f i x e d ,  t hen  t h e  s t a b i l i t y  proper-  
t i e s  of  t h e  problem can be  represented  by reg ions  o f  a s i n g l e  diagram: 
(see p 0 4 9 ) ,  
The dsagonal l i n e  RT = R r e p r e s e n t s  t h e  s t a t i c  s t a b i l i t y  margin S 
a s  def ined  by t h e  usua l  i d e a s  of  l i g h t e r  f l u i d  over  heav ie r  f l u i d  t h e  
r eg ion  below t h i s  l i n e  would be  s t a t i c a l l y  s t a b l e ,  The l i n e  p = 0 has 
t h e  equat ion 
The l i n e  pr = 0 has a more complex equat ion ,  which can b e  w r i t t e n  i n  
The region  i n s i d e  t h e  c i r c l e  where a l l  t h e  curves converge repre-  
s e n t s  r a t h e r  complicated behavior.  However, t h e  values of  RT a r e  s o  
low, t h a t  t h e  region i s  of no p r a c t i c a l  i n t e r e s t .  
t h e  form: 
where K tends t o  27 4/4 i n  t h e  l i m i t  7' o o r  C --+ 00 . The l i n e  
pi = 0 becomes p a r a l l e l  t o  t h e  RT = RS curve a s  R becomes l a rge .  S 
The region  labeled  A corresponds t o  t h e  s a l t - f i n g e r  type of 
i n s t a b i l i t y  (case i ) :  monotonic, wi th  p r >  0 and p = 0: i 
~f i  
The r eg ion  l abe l ed  B corresponds t o  t h e  hea t  d r iven  s t a b i l i t y  mechan- 
i s m  (case ii of  s e c t i o n  1 ) :  o s c i l l a t o r y ,  wi th  p r>  0 and pi f 0: 
-+7 pr 
I f  we imagine running an  experiment a t  f i x e d  R and inc reas ing  RT, we S 
move upwards through t h e  r eg ion  B. The two complex r o o t s  move towards 
t h e  pr a x i s  u n t i l  they coa lesce  a t  t h e  pr a x i s :  P i  = 0,  The modes then  
change i n  c h a r a c t e r  from t h e  o s c i l l a t o r y  p a i r  o f  modes of  r e g i o n  B t o  
a p a i r  o f  monotonic modes i n  r eg ion  C :  
+> p, 
A t  s t i l l  l a r g e r  RT, t h e  t h i r d  (previous ly  damped) mode passes  through 
t h e  exchange of  s t a b i l i t i e s  p o i n t  (p = 0,  and a l l  t h r e e  (monotonic) 
a r e  then  ampl i f i ed ,  This  corresponds t o  reg ion  D of  t h e  diagram. 
C .  Experimental v e r i f i c a t i o n s  
The s a l t - f i n g e r  phenomenon is  e a s i l y  s e t  up i n  t h e  l a b o r a t o r y ,  
e i t h e r  wi th  h e a t  and s a l t  a s  t h e  components, o r  with two s o l u t e s ,  s a y  
s a l t  and suga r .  The occurrence of  s a l t  f i n g e r s  i n  t h e  ocean i s  sus-  
pec ted ,  bu t  a s  of yet. has not  been conclus ive ly  shown. 
The o s c i l l a t o r y  i n s t a b i l i t i e s  o f  r eg ion  A have been d e t e c t e d  by 
S h i r t c l i f f e ,  who heated a tank from below, wi th  a s t a b i l i z i n g  s a l i n i t y  
g r a d i e n t ,  and recorded growing tempera ture  o s c i l l a t i o n s  wi th  a thermo- 
coup1 e . 
A more s u b t l e  way i n  which t h e  o s c i l l a t o r y  modes may appear f o l -  
Lows: The h e a t  f l u x  J and t h e  concen t r a t ion  f l u x  JC can be  w r i t t e n  i n  T 
t h e  genera l  l i n e a r  form: 
Jr = - K T V T t -  Y V C 
where the  second terms r e p r e s e n t  temperature and s a l i n i t y  mutual i n t e r -  
ac , t ion  e f f e c t s .  ST i s  c a l l e d  t h e  S o r e t  c o e f f i c i e n t ,  wh i l e  i s  propor-  
t , iona l  t o  t h e  Dufort c o e f f i c i e n t ,  When t h e r e  i s  a  s o l i d  s u r f a c e  i n  a  
s o l u t i o n ,  then  t h e  requirement o f  J, = 0 a t  t h e  s u r f a c e  r e q u i r e s :  
L 
-s, C(I- C) &I - ac 
su r f ace  - = s u r f a c e  1 applied involved 
Therefore,  i f  we apply a  temperature g rad ien t  t o  a  tank con ta in ing  
i n i t i a l l y  homogeneous s a l e  s o l u t i o n  by hea t ing  from below, then  a  
s a l t  concen t r a t ion  g rad ien t  w i l l  be  induced a t  t h e  w a l l .  Thus, where 
we might expect t o  f i n d  a  simple rnonotomic mode (s ince  we a r e  h e a t i n g  a  
homogeneous f l u i d  from below), we may g e t  i n s t e a d  an o s c i l l a t o r y  mode 
due t o  t h e  induced sa l t  g rad ien t ,  i f  t h e  s i g n  of  ST i s  c o r r e c t .  A t  
t h e  p r e s e n t ,  l i t t l e  d a t a  i s  a v a i l a b l e  concerning t h e  magnitude and 
s i g n  of  ST, 
I V  The nonl inear  regime 
A ,  Are s u b - c r i t i c a l  i n s t a b i l i t i e s  due t o  f i n i t e  ampli tude d i s -  
turbances poss ib l e?  
Veronis (1965, 1968) has  done two c a l c u l a t i o n s  i n  regard  t o  t h i s .  
The f i r s t  employed a  two-term s e r i e s  s o l u t i o n ,  The r e s u l t s  i n d i c a t e d  
t h a t  s u b - c r i t i c a l  i n s t a b i l i t y  was p o s s i b l e .  I n  h i s  l a t e r  c a l c u l a t i o n ,  
t h e  number of terms s u f f i c i e n t  f o r  1% accuracy were used .  The r e s u l t s  
h e r e  i nd ica t ed  t h a t  s u b - c r i t i c a l  i n s t a b i l i t y  was no t  p o s s i b l e ,  However, 
va lues  o f  7 f a i r l y  c l o s e  t o  1 were used, while  very  much sma l l e r  
va lues  of T might l e a d  t o  s u b c r i t i c a l  i n s t a b i l i t y .  More work i n  t h i s  
a r e a  i s  needed t o  r e s o l v e  t h i s  important  ques t ion .  
B, What happens when t h e  motion i s  i n  t h e  s t r o n g l y  non l inea r  regime? 
We f irst  look a t  t h e  c l a s s i c a l  ca se  RS = 0. For t h i s  problem t h e  
s t a b i l i t y  margin i s  given by B = 658, The h e a t  t r a n s f e r  can be  rep-  t , c r  
r e sen ted  by t h e  Nussel t  number: t h e  r a t i o  of  t h e  a c t u a l  h e a t  t r a n s f e r  
(H) t o  t h e  h e a t  t r a n s f e r  t h a t  would occur by conduct ion a lone :  
Numerical experiments have shown t h a t  f o r  (RT/658)> 5 and f o r  f r e e - f r e e  
boundaries,  t h e  Nusse l t  number i s  p ropor t iona l  t o  t h e  cube r o o t  of  t h e  
thermal Rayleigh number, f o r  P rand t l  numbers g r e a t e r  t han  1. This  p a r t i -  
c u l a r  power dependence has been given many d i f f e r e n t  i n t e r p r e t a t i o n s .  
The s imples t  i s  t h e  following: a t  l a r g e  %, a  blob of f l u i d  moves along 
i n  a  boundary l a y e r  and i s  heated,  The blob breaks away from t h e  sur-  
face  and r i s e s  e s s e n t i a l l y  a s  a  thermal. Af ter  reaching t h e  upper p l a t e ,  
it moves along t h e  su r face  boundary l aye r  and g ives  up i t s  h e a t ,  then  
breaks away and f a l l s  a s  a  thermal.  I n  t h e  continuous process  nea r ly  
a l l  t h e  h e a t  t r a n s f e r  i s  v i a  t h e  buoyant plume. Since t h e  r i s e  of  a  
plume i s  only weakly a f f e c t e d  by t h e  downstream condi t ions  ( i . e .  t h e  
upper boundary) we p o s t u l a t e  t h a t  t h e  hea t  t r a n s f e r  a l s o  i s  only weakly 
a f f e c t e d :  t h a t  it becomes independent of t h e  p l a t e  spacing h .  Since 
3 1 / 3  N u K h ,  and R o c h  , t h i s  then gives t h e  cube r o o t  r e l a t i o n  NuoCRT T 
This  argument can be e a s i l y  extended t o  t h e  case  R, # 0, giving  
A c a l c u l a t i o n  using t h e  mean f i e l d  equations (discussed i n  a  l a t e r  
seminar) gives f o r  t h e  case  of i n f i n i t e  Prandt l  number: 
The same c a l c u l a t i o n  g ives  f o r  t h e  s o l u t a l  Rayleigh number: 
/Vb, = T ''~u~ 
Note t h a t  t h e  l i m i t  C--+oo is  appropr ia te :  f o r  water T =  6.7, and ex- 
periments (numerical and labora tory)  i n d i c a t e  t h a t  t h e r e  i s  no e s s e n t i a l  
q u a l i t a t i v e  d i f f e r e n c e  between t h e  moderate CT and t h e  C + o o c a s e s .  
Comparison of  these  r e l a t i o n s  with t h e  h ighly  accura te  s o l u t i o n s  
of Veronis shows good agreement, i n d i c a t i n g  t h a t  i n  t h i s  case  t h e  mean 
f i e l d  equations a r e  a  good approximation. 
Note t h a t  these  ca lcu la t ions  correspond t o  po in t s  f a r  above t h e  
diagonal i n  t h e  f i r s t  quadrant of t h e  R - RT p lane .  S  
V .  I n t e r n a l  i n t e r f a c e s  
With a  homogeneous f l u i d ,  simple l abora to ry  experiments a r e  con- 
s t r a i n e d  t o  t h e  r i g i d - r i g i d  o r  r i g i d - f r e e  conf igura t ions .  With t h e  
double d i f f u s i v e  case we can do more: we can s t a c k  up s e v e r a l  l a y e r s  
and have i n t e r n a l  i n t e r f a c e s .  We now w i l l  examine t h e  case  of  h o t t e r  
saltier water over colder fresher water. We will imagine that we 
start with discontinuous profiles of temperature and salinity: 
and investigate the stages of formation of salt fingers, 
A .  Smoothing out of the discontinuities by molecular diffusion. 
The conditions at t = 0 are: 
The solution to the diffusion equation is then: 
' I ;  a These solutions look something like this: 
I I I 
B, Development of infinitesimal instability 
We use the previously developed model for horizontal zero 
stress surfaces, with linear T, S gradients. The stability margin was: 
- I 237" 
-R, - -i; Rs- 4 
Therefore, the criterion for occurrence of small wavey disturbances is: 
where the two terms on the left-hand side represent the stabilizing 
effects of the temperature field and of viscosity, respectively, and 
the right-hand side represents the destabilizing effect of the salinity 
field. In most problems of interest to us: 
Therefore,  we neg lec t  t h e  v i s c o s i t y  term, giving: 
I n  t h i s  problem t h e  appropr ia te  Rayleigh numbers would be based on t h e  
g rad ien t s  of temperature and s a l i n i t y ,  not  t h e i r  ne t  d i f f e r e n c e s .  Thus 
t h i s  requirement becomes: d s  
The minimum requirement comes from evaluat ing  t h i s  a t  t h e  o r i g i n :  
C. Development of t h e  quasisteady s a l t  f i n g e r  conf igura t ion  
Experimental observat ions show t h a t  t h e  f i n g e r s  from many long 
t h i n  r ec tangu la r  tubes i n  a  quasi- steady condigurat ion.  We t h e r e f o r e  
adopt t h e  following s teady fully-developed flow model: 
The hor i zon ta l  momentum and t h e  con t inu i ty  equation then  g ive :  
The z-momentum equation then  g ives  
D i f f e r e n t i a t i n g  once with r e spec t  t o  z gives:  
But t h e  le f t- hand s i d e  is  a t  most a  func t ion  of z : f [z) ,  t he re fo re ,  
a  s i n g l e  i n t e g r a t i o n  g ives :  
-KT+ kS -4 (t)+ h ( ~ 1 3 )  
We now assume t h a t  t h i s  r e l a t i o n  can be extended: 
-QcT==!r,l (t)+ kT ( Y , $  
*)+ hs  ( ray \  * P $  sfs c 
The conservat ion equations can be w r i t t e n :  
- 1 
Horizontal ly averaging these ,  using W = 0 'Qrr o t h e n  g ives  : 
Therefore: 
AS 
-"= dT YTb y3 t o n i t a n t s  da 
The z-momentum equation s p l i t s  i n t o  two equations:  one involving func- 
t i o n s  of z, t h e  o ther  funct ions  of x  and y .  The second of t h e s e  i s :  
The conservat ion  equations a r e :  
We now look f o r  so lu t ions  of  t h e  form: 
This leads  t o  
Since t h e  l e f t  s i d e  i s  g r e a t e r  than zero, we ob ta in :  
% > - % I +  
Therefore ds d T  p=>T-- d2 
This c r i t e r i o n  f o r  f u l l y  developed s a l t  f i n g e r s  i s  i d e n t i c a l  t o  t h a t  
derived from t h e  i n f i n i t e s i m a l  d is turbance  theory ,  This sugges ts  
t h a t  t h e  i n i t i a l  i n f i n i t e s i m a l  d is turbance  f i e l d  can lead  t o  t h e  
f i n a l  f u l l y  developed conf igura t ion ,  and then any f i n i t e  amplitude, 
s u b - c r i t i c a l  d is turbance  f i e l d  must lead  t o  some o the r  f i n a l  config-  
u r a t i o n .  
Huppert and Mannis c a r r i e d  out  a  s e r i e s  of experiments a t  
Cambridge t o  at tempt t o  v e r i f y  t h i s  r e l a t i o n  c r i t e r i o n ,  Experiments 
using NaCl and sugar  and MgSO and sugar  gave exce l l en t  agreement 4 
with  t h e  theory;  while  t h a t  with NaCl and MgS04 gave only f a i r  agree- 
ment, although i n  t h e  second case t h e  problem may have been complicated 
by the  electrolytic p r o p e r t i e s  of t h e  s o l u t i o n .  
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MIXING I N  STRATIFIED FLUIDS 
Lecture #1.  CLASSIFICATION OF MIXING MECHANISMS I N  A STRATIFIED FLUID. 
In t roduct ion:  These l e c t u r e s  d i scuss  t h e  phys i ca l  mechanisms respon- 
s i b l e  f o r  mixing i n  l a r g e  bodies  of s t r a t i f i e d  f l u i d :  f i r s t  by i d e n t i -  
fy ing  t h e  va r ious  processes ,  secondly by s tudying  t h e  sma l l e r  s c a l e  
phenomena i n  i s o l a t i o n  through both theory  and r e s u l t s  of l abo ra to ry  
experiments,  t h i r d l y  be combining t h e s e  i s o l a t e d  processes  t o g e t h e r  
i n t o  o v e r a l l  d e s c r i p t i o n s  of  t h e  behavior  of  t h e  f l u i d .  
S t r a t i f i e d  f l u i d :  The equi l ibr ium s t a t e  of  a  heterogeneous f l u i d  i s  
def ined  by E 
p(xLy;2 )  = R ( ~ . ~ ) - ~ / P ! X , ~ .  O S) d. t 
For a  homogeneous f l u i d  P = cons t an t  and t h i s  s t a t e  i s  one of  neu- 
t r a l  equi l ibr ium;  no r e s t o r i n g  f o r c e  a c t s  on an i d e a l i z e d  d i sp l aced  
p a r t i c l e .  
A f l u i d  w i l l  be descr ibed  a s  I t s t r a t i f i e d t t  i f ,  i n  t h e  equ i l i b r ium 
s t a t e ,  cons tan t  p re s su re  s u r f a c e s  correspond t o  cons t an t  d e n s i t y  s u r -  
f aces ,  i . e ,  t h e  isopycnal s u r f a c e s  a r e  h o r i z o n t a l .  A t l s t a b l e t t  s t r a t i -  
f i c a t i o n  has l i g h t  f l u i d  over ly ing  heavier  f l u i d ,  T i l t i n g  o f  t h e  i n t e r -  
face  [or isopycnal  l i n e s )  is  opposed by buoyancy f o r c e s  and t ends  t o  
gene ra t e  o s c i l l a t i n g  v o r t i c i t y .  An t tuns tab le"  s t r a t i f i c a t i o n  has  heavy 
f l u i d  over  l i g h t ,  and a  t i l t i n g  o f  t h e  i n t e r f a c e  w i l l  be  magnif ied and 
gene ra t e  i nc reas ing  v o r t i c i t y .  
The models of oceanic  processes  t o  be considered w i l l  be s t a b l y  
s t r a t i f i e d  i n  t h e  mean throughout ,  Rota t ion  e f f e c t s  w i l l  be  considered 
only i n  t h e  thermal wind r e l a t i o n s h i p  f o r  a  shear  o f  t h e  mean f i e l d  
bu t  w i l l  be neglec ted  i n  cons ider ing  thk small  l eng th  and s h o r t  t ime 
s c a l e  mixing processes .  
The v e r t i c a l  s t r u c t u r e  i n  general  c o n s i s t s  o f  a t h i n  r e g i o n  
where t r a n s i e n t  e f f e c t s  of  l o c a l  winds and hea t ing  occur ,  t hen  a mixed 
r eg ion  with weak s t a b l e  g r a d i e n t s  and smal l  v e l o c i t i e s  such t h a t  i t  can 
be t r e a t e d  one-dimensionally,  A t  50 - 100 m i s  t h e  seasonal  thermocline;  
a t  500 - 1000 m i s  t h e  main thermocline whose s t r u c t u r e  can only  be de- 
s c r i b e d  by incorpora t ing  advec t ion  e f f e c t s .  
Parameters desc r ib ing  t h e  s t a t e  of t h e  f l u i d :  The f i r s t  c h a r a c t e r i z a-  
t i o n  of a  s t r a t i f i e d  f l u i d  must of course  be t h e  d e n s i t y  g r a d i e n t ,  which 
i s  coupled with g r a v i t y  i n  t h e  buoyancy f o r c e  term, The parameter  used 
M i s  t h e  buoyancy frequency (more c r y p t i c a l l y  known a s  t h e  Brunt-Vgisala 
frequency) and is t h e  n a t u r a l  o s c i l l a t i o n  frequency o f  a  p a r t i c l e  d i s -  
placed i n  t h e  d e n s i t y  g rad ien t .  Typical  va lues  o f  N (9 = pe r iod )  a r e :  
- 1 
seasonal  thermocline lo-' s e c  (5 c y c l e s l h r )  o r  f o r  t h e  main thermo- 
- 1 
c l i n e  2 x l o m 2  s e c  ( 2  c y c l e s / h r ) .  For d i s c r e t e  d e n s i t y  d i f f e r e n c e s ,  
t h e  reduced g r a v i t y  
i s  a parameter which f r e q u e n t l y  a r i s e s .  
The shear  - aa a l s o  has t h e  dimensions T - ~ ;  t hus  a  dimension- a= 
l e s s  l o c a l  parameter,  t h e  g r a d i e n t  Richardson number 
can be formed. The ove ra l l  Richardson number f o r  a  l a y e r  of th ickness  
L, v e l o c i t y  d i f f e rence  U and dens i ty  d i f f e r e n c e  A P  i s  Ti, = 
The Richardson number r e l a t e s  t h e  buoyancy [mixing i n h i b i t i n g )  t o  i n e r -  
t i a l  fo rces  (favoring mixing). I t  can a l s o  be viewed a s  t h e  inve r se  
square of an i n t e r n a l  Froude number 
ove ra l l  Fi = L+(+$+ o r  
U 
gradient  5 = (aub2) N- '  
For oceanic thermal wind flows with t h e  isotherms s loping a t  an 
N - lo- '  - s e e  - 1 - 4 -1 f - 1 0  sec  
- 3 9 - 1 0  giving u -3 10 cm/sec 
R i  > 100 f o r  t h e  mean motion above, 
However d e t a i l e d  temperature gradient  probe s t u d i e s  show l a r g e  
f l u c t u a t i o n s  even on mm s c a l e s  (Gregg and Cox (1972) Deep-Sea Research) 
- t h e  Ri i s  not  at a l l  uniform, and thus t h e  l a rge  va lue  of t h e  mean 
R i  is  not  too  important ,  
C l a s s i f i c a t i o n  of  mixing processes:  The observed mic ros t ruc tu re  sug- 
ges t s  seve ra l  ques t ions  
1 )  How a r e  these  i r r e g u l a r  f e a t u r e s  formed? 
2) What mechanisms cause mixing across  t h e  a s soc ia t ed  i n t e r f a c e s ?  
31 What i s  t h e  source of energy f o r  t h e  mixing? 
Although adveceionls  r o l e  i n  t h e  mixing process has not  been con- 
s idered  extens ive ly ,  i t  w i l l  spread layered s t r u c t u r e s  horiaontalPy and 
may be respons ib le  f o r  formation of l aye r s  by t h e  spread sf i n t r u s i o n s  
of f l u i d  o r  mixed f l u i d  caused by i n t e r n a l  waves breaking a t  boundaries.  
However small  s c a l e  (c 1 - 10 cm) s t r u c t u r e  d i f f u s e s  much too  r a p i d l y  
t o  be  advected over  l a r g e  ho r i zon ta l  d i s t a n c e s .  
Externa l  mixing phenomena occur  when t h e  energy source  i s  an  
i d e n t i f i a b l e  process  which l i e s  o u t s i d e  t h e  r eg ion  which i s  a c t u a l l y  
mixed. An oceanic example of  e x t e r n a l  mechanical mixing is  from wind 
s t r e s s e s  causing s u r f a c e  waves and t u r b u l e n t  mixing. Mixed, hea ted  
water  w i l l  form a  r e l a t i v e l y  i so thermal  l a y e r  whose th i ckness  i n c r e a s e s  
i n  t ime.  Surface  cool ing,  on t h e  o t h e r  hand, w i l l  cause e x t e r n a l  con- 
v e c t i v e  mixing; t h i s  i s  a l s o  important  i n  t h e  atmosphere s i n c e  t h e  
lower boundary i s  hea ted .  
I n t e r n a l  mixing, which occurs  when t h e  flow i s  both produced 
and used i n  t h e  same r eg ion ,  can a l s o  be i n  mechanical o r  convec t ive  
form. Double d i f f u s i v e  convect ion uses  t h e  p o t e n t i a l  energy of t h e  
uns t ab ly  s t r a t i f i e d  component t o  form convect ive ly  uns t ab le  l a y e r s  
w i t h i n  a n  o v e r a l l  s t a b l e  d e n s i t y  g r a d i e n t .  These l a y e r s  resemble 
s t r o n g l y  oceanic  mic ros t ruc tu re  cha rac t e r i zed  by r e g u l a r  sha rp  s t e p s  
i n  both  temperature and s a l i n i t y  ( c . f .  Neal, Neskyba and Denner (1969) 
Science 166: 377; Stommel and Federov (1967) T e l l u s  19: 2; P ingree  
- -
(1969) Deep Sea Research 16: 275.) 
-
I n t e r n a l  mechanical mixing d e r i v e s  i ts  energy from t h e  l o c a l  
shea r  ( f o r  example Kelvin Helmholtz i n s t a b i l i t i e s ) ;  f r e q u e n t l y  t h i s  
shea r  can be increased  by i n t e r n a l  waves pas s ing  through t h e  r eg ion ,  
Woods (1968) J.F.M. 32: 791 and M-. 97: 65 has some e x c e l l e n t  
- -
photographs of  t h i s  process  occurr ing  i n  t h e  ocean. Regular ly spaced 
cloud b i l lows  may a l s o  show t h e  presence of t h i s  kind of mixing aided 
by i n t e r n a l  waves. 
Convective problems can be s t u d i e d  by models of  i n d i v i d u a l  con- 
vec t ion  elements - plumes, t h reads ,  e t e . ,  whi le  mechanical mixing i s  
s t u d i e d  by cons ider ing  shea r  flow processes .  
The i n t e r n a l - e x t e r n a l  c l a s s i f i c a t i o n  may no t  always be  apparent :  
t h e  flow o f  a  heavy l i q u i d  down a  s l o p e  under a l i g h t e r  f l u i d  may be  
e i t h e r  depending on t h e  s l o p e .  A l a r g e  s l o p e  produces mixing d r i v e n  by 
t h e  shear  a t  t h e  i n t e r f a c e  i t s e l f ;  a t  low s lopes  t h e  mixing a t  t h e  i n t e r -  
f a c e  may be caused by turbulence  induced by bottom s t r e s s e s  ( e x t e r n a l ) .  
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Lecture #2 ,  CONVECTION FROM ISOLATED SOURCES 
Mechanisms s f  convection w i l l  be discussed i n  terms of t h e  be- 
havior  of i s o l a t e d  convection elements produced by small  i d e n t i f i a b l e  
sources ,  Three types w i l l -  be considered 
1)  t h e  plume - produced by a continuous 
\< +# v ? ' )  source of hea t  
2) t h e  thermal - a r i s i n g  blob of  f l u i d  
plume thermal s t a r t i n g  3) s t a r t i n g  plume - t h e  i n i t i a l  s t a g e s  
plume of  a plume 
Because of the  tu rbu len t  na tu re  of these  elements even s h o r t  
d i s t ances  above t h e  source,  s i m i l a r i t y  and dimensional arguments w i l l  
be used extens ive ly  ( s f ,  Batchelor (1954) Quart,J,Roy.Met,Soc, - 80: 339; 
Turner (1969) Ann,Rev,Fluid Mech, - 1: 29). 
Plumes: The important q u a n t i t i e s  which c h a r a c t e r i z e  t h e  plume a r e :  
assumed known - t h e  r a t e  of hea t  supply 
9' 
4 - 3  Fo = 21~I UJ %' r d Y a t  source-dimensions L T 
0 m 
For a cons tant  p environment f 2 T ( J $ Y ~ Y  
0 
i s  independent of  2 by t h e  conservat ion  of  h e a t  
equat ion,  
z = he igh t  above t h e  source 
unknown: b (z )  r ad ius  of t h e  plume 
0 ( 2 ,  'f'/b) v e r t i c a l  v e l o c i t y  
d e n s i t y d i f f e r e n c e  g'(% ~ / h )  = p 7 
A s i m i l a r  p r o f i l e  i n  r/b i s  assumed where Y i s  t h e  d i s t a n c e  
from t h e  axis,  Dimensional cons idera t ions  g ive  
The flow ou t s ide  t h e  plume f o r  an element on o r  f a r  from a 
boundary has been est imated by G.I.Taylor by replac ing  t h e  plume by 
a s e t  of s inks  of s t r e n g t h  z*'~ along t h e  a x i s .  
The inflow v e l o c i t y  of ent ra ined  f l u i d  cap be ca lcu la t ed  from 
t h e  above forms of b and w and t h e  con t inu i ty  of mass t o  be 
This can be regarded a s  a fundamental c h a r a c t e r i s t i c  of  plumes 
f o r  the  purpose of s tudying t h e i r  behavior i n  s t r a t i f i e d  environments. 
The r e s u l t i n g  equations ( the  entrainment equations)  a r e  
trbL3j) = 2ir-4 b Cons. of mass ( 
Cons, of  momentum" -& (7 b'iXia) = a bXg' 
I 
Cons. o f  buoyancy --J$ (7 b'3  $) = -TT b*n N%O 
where i s  t h e  entrainment constant  expressing t h e  p r o p o r t i o n a l i t y  of 
inflow v e l o c i t y  t o  v e r t i c a l  v e l o c i t i e s  i n  t h e  plume. 
The pressure  has been neglected (which i s  a v a l i d  assumption f o r  
small angles of sp read) ,  
baa fla(2) r ep resen t s  t h e  change i n  t h e  buoyancy f l u x  due t o  
t h e  environment f l u i d  being drawn i n ,  The v e l o c i t y  and width a r e  
defined a s  i n t e g r a l s  across  t h e  plume, 
b w 
71 b y  ' + aJ  ,Q ( d b ,  ~ T ~ Y - P  (DOI%)  
P pl dens i ty  
' I a t  source 
The boundary condit ions a r e  s e t  by t h e  mass, momentum and buoy- 
ancy f luxes  a t  t h e  source ( z  = O), These equations a r e  v a l i d  f o r  a  
Iftop ha t t1  p r o f i l e  (w = 7 constant  across  t h e  plume and zero o u t s i d e ) .  
The s o l u t i o n  with N~ - 0 i s  
The conservat ion equations above can be used f o r  j e t s  where 
both momentum and buoyancy a r e  i n j e c t e d  i n t o  t h e  flow, The increased  
turbulence causes more r ap id  entrainment and widening of t h e  j e t ,  
Two-dimensional plumes can be t r e a t e d  s i m i l a r l y  g iv ing  
W DL A% 
I / &  A%-' A: buoyancy f l u x i u n i t  length  
This l i n e  source model has been appl ied  by G.I.Taylor t o  t h e  "bubble 
breakwater1' and can be used t o  model waste outflow problems, 
Batchelor (1954) t r e a t s  t h e  case  of a  plume i n t o  an uns tably  
s t r a t i f i e d  environment [or a l t e r n a t i v e l y  a  plume which from chemical o r  
o the r  means changes buoyancy a s  it r i s e s )  by s i m i l a r i t y  methods f o r  t h e  
case  
I \h (I +kip) 
giving a o t C t  
g' C? ( J  + PI 
- I 4 + % p  
The buoyancy f l u x  UJ% ba i s  propor t ional  t o  il ; thus  f o r  
p > -'/3 t h e  plume requ i re s  no heat  f l u x  a t  t h e  source  t o  i n i t i a t e  i t .  
The ease  of a  plume r i s i n g  i n t o  a s t a b l y  s t r a t i f i e d  environment 
can be t r e a t e d  by t h e  entrainment equations.  The parameters a r e  
assumed cons tant ,  and Fo a t  t h e  source ,  
with t h e  d e f i n i t i o n s  
mass f l u x  m, = b : ~  
momentum VI s b, U, 
buoyancy fl =mbAl 
The r e s u l t i n g  equations a r e  
and a t  z = 0 
Solut ions a r e  given i n  Morton, Taylor ,  and Turner (1956) Proe,Roy,Soc, 
A -- 234: 1; t h e  height  of t h e  top  of t h e  plume is  2 . 8  x .49 &-%E 'N- ' ;  
experimentally t h i s  has been v e r i f i e d  by Briggs (1969) f o r  a  range of  
he igh t s  from 1 t o  l o 4  f t .  
Thermals: Thermals a r e  ind iv idua l  blobs of r i s i n g  f l u i d  which grow 
i n  s i z e  a s  they  e n t r a i n  f l u i d  from t h e i r  surroundings, The appropr i a t e  
s i m i l a r i t y  parameters a r e  
My 6 . 3  4 t h e  t o t a l  buoyancy f l u x  ( L ~  T-*) and 
he ight  z 
y, = & a  a e h a r a e t e r i s t i e  r a d i u s  
From t h e  above it follows t h a t  
and 
experimental C - 1 , 2  
From s t r e a k  photographs, t he  i n t e r n a l  v e l o c i t y  seems t o  be- 
have l i k e  H i l l ' s  sphe r i ca l  vo r t ex  (Lamb sec t ion  165); a  n a t u r a l  ex- 
tens ion  i s  t o  regard t h i s  a s  a  s p e c i a l  case of a  buoyant vo r t ex  r i n g  
with both t h e  e i r e u l a t i o n  and t h e  buoyancy supp l i ed  
\ by t h e  source  spec i f i ed  independently. For H i l l ' s  
vor tex  t h e  c i r c u l a t i o n  around t h e  co re  of t h e  r i n g  
QL (A) 5 ; t h i s  r e s u l t  a l s o  holds f o r  t h e  buoyant 
expanding r i n g .  Since U 5 i s  independent o f  z, 
K a  i s  constant  . 
d P  d- r," The momentum of t h e  r i n g  i s  P = p 7 KO Y$ and = h -hf d$* s p F ,  so which must a r i s e  from buoyant e f f e c t s  = S T p  Ko 
' F,t independent of t h e  d e t a i l e d  motion of  t h e  core .  
I f  a  s i m i l a r i t y  assumption f o r  t h e  core i s  made s o  t h a t  t h e  
volume increases  when t h e  r a d i u s  inc reases  
G Y; MaCt and s i n c e  
Thus unl ike  t h e  plume, an i n i t i a l  impulse (causing l a r g e  c i r c u l a t i o n  
KO) w i l l  g r e a t l y  decrease t h e  angle of spread of t h e  buoyant vor tex  r i n g ,  
For thermals and vor t ex  r ings  i n  a  s t r a t i f i e d  environment t h e  
he ight  of r i s e  i s  
and since 
In contrast to the plume which rises higher for large initial 
buoyancy and low initlal momentum (and thus low mixing) the thermal 
spreads more rapidly when given large buoyancy and low momentum or 
circulation and rises less high, (At very high initial momentum the 
plume height begins to increase as the momentum is increased], The 
rapid increase in maximum rise of a buoyant ring given initial eircu- 
Bation has been suggested as a method of forcing pollution high into 
the atmosphere, by using a "puffing" smokestack, 
Starting plumes: As suggested by the appearance, the starting plume 
can be treated by stacking a thermal on top of a plume; however, since 
normal plumes and thermals rise as & Z - ' ,  3-' respectively, a 
thermal with ~ncreasing buoyancy and momentum (pumped through the bottom 
from the plume) must be used, 
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Lecture P a ,  CONVECTION IN LAYERS 
The object of this lecture is to look at the way in which busy- 
ant element models have been used to understand thermal convection and 
to give a brief introduction to double-diffusive (thermohaline, thermo- 
solutal) convectiono 
Trae classic problem of thermal convection is to determine the 
motion of a layer of fluid contained between horizontal planes, uni- 
fomPy heated below and cooled above, The importance of the problem 
from a geophysical point of view is obvious, e,g,, heat transfer from 
the earth" surface, convection patterns in thin layers of clouds, etc, 
Interest in the problem dates back to ~6nard (1901) who showed that a 
thin layer of fluid becomes unstable when the temperature difference 
exceeds a minimum value which depends strongly on the depth and less 
strongly on the properties of the flufd, The motion that first takes 
place is a regular steady pattern, but with larger depths and temper- 
ature differences it can become unsteady and even turbulent, 
The Rayleigh number Ra = 2~"' Y z ,  
is the most important dimensionless parameter in describing the state 
of the fluid over the whole range of unstable conditions. The Rayleigh 
number can be regarded as a balance between the driving buoyancy forces 
and the two dfffusfve processes which retard the motion and have a sta- 
bilizing effect. 
The linear stability theory for the ~e/nard problem was first 
formulated and solved for the ease of two free boundaries by Lord Ray- 
leigh (1916), The remaining cases of two rigid boundaries and one rigid 
and one free boundary were first dealt with by Jeffreys (1926, 1928), 
Today, the state of knowledge of the linear theory is virtually complete 
and recent interest has concentrated on the nonlinear problems associated 
with convection at higher Rayleigh numbers, For comprehensive review 
of the linear theory see Chandrasekhar (1961), 
To obtain information about the steady amplitude and preferred 
planform of the finite convective motions which are established above 
Rae (the rritical Rayleigh number, below which the fluid is stable to 
small disturbances], one must take into account the advection of buoy- 
ancy and momentum by the flow field generated by the buoyancy, and 
therefore must use the nonlinear equations of motion, Malkus and Versnfs 
(1958) showed that the nonlinear equations can be expanded as a sequence 
of linear equations whose solutions follow from those of the linear 
problem, ~chlGter, Lortz and Busse (1965) extended the Malkus-Veronis 
expansion technique to investigate the stability of each of the possible 
steady finite amplitude solutions. They showed for both rigid and free 
boundaries that all three-dimensional cellular patterns in a fluid with 
fixed properties can be unstable to infinitesimal disturbances. There 
is. a range of parameters f o r  which only two-dimensional r o l l s  a r e  
s t a b l e  and t h e  boundary of  &his  region  was determined by Busse (1967), 
wi th  t h e  assumption o f  i n f i n i t e  Pv , 
The a p p l i c a t i o n  of these  t h e o r i e s  i s  l imi t ed  t o  a small range o f  Ray- 
l e i g h  numbers near  Race For h igher  Ra, numerical methods have been 
developed. 
The f i r s t  q u a n t i t a t i v e  labora tory  r e s u l t s  were those  of  Schmidt 
and Milvertsn (1935) who v e r i f i e d  t h e  predic ted  va lue  of t h e  c r i t i c a l  
Rayleigh laumber, For a h i s t o r y  of t h i s  work and a general  o u t l i n e  of 
t h e  e a r l i e r  (p r io r  t o  1959) numerical and experimental r e s u l t s  s e e  
Chandrasekhar (1 961) , Koschmieder (1969) repeated Be/nhrd s experiments 
using s i l i c o n e  o i l ,  using var ious  shapes f o r  t h e  convection chamber 
with f r e e  and s o l i d  top  boundaries ,  and showed t h a t  t h e  i n i t i a l  c e l l u -  
l a r  p a t t e r n  t o  form when t h e  bottom i s  gradual ly  heated uniformly i s  
t h e  two-dimensional r o l l ,  The o r i e n t a t i o n  of t h e  r o l l  depends on t h e  
s i d e  wall boundaries,  For example, i n  a c i r c u l a r  chamber they appear 
a s  a s e r i e s  of concent r ic  annular  r i n g s ,  With a f r e e  top  boundary, 
t h e  r ings  break down i n t o  hexagonal c e l l s ,  Ir seems l i k e l y  now t h a t  
v a r i a t i o n s  of  su r face  t ens ion  with temperature a r e  an  e s s e n t i a l  element 
i n  these  and B6nard1s o r i g i n a l  experiments wi th  f r e e  s u r f a c e s ,  I n  ex- 
periments with two r i g i d  boundaries,  Krishnamurti (1968) has shown t h a t  
r o l l  c e l l s  a l igned by t h e  l a t e r a l  boundaries occur a t  Ra ~ u s t  above 
Ra, when the mean temperature of the layer is fixed. Hkxagons can be 
realized when the mean temperature of the layer is increasing steadily 
and the temperature profile is thus nonlinear. 
Recently, heat flux experiments by Krishnamurti (1970) have 
shown that just above Ra, the nondimensional heat flux expressed as 
H = NuoRa is a linear function of Ra, with slope - 2.7 for water and 
slightly higher for fluids with larger Pr, At a second critical value 
R a ~ ~ ~  there is a discrete change to higher slope, which was identified 
with a change in planform from two- to three-dimensional flow caused by 
finite amplitude instability. Further changes in slope in the heat 
flux curves at still higher Ra are associated with transitions to time- 
dependent flows of various kinds, 
A feature of convection at high Rayleigh number, which has only 
recently become clear as experiments have been made in silicone oils 
of high viscosity and liquid metals, is the strong dependence on Prandtl 
Heat f lux H = NuoRa as a function of Rayleigh number, showing the 3rd 
and 4th transitions in a fluid with Pr = 100. (After Krishnamurti 1970), 
number. When Pr i s  la rge ,  s teady convection can p e r s i s t  t o  q u i t e  high 
Ra. The f l u x  i s  then c a r r i e d  by l a rge  convection c e l l s  ac ross  which 
t h e  v e l o c i t y  i s  gradual ly  varying, but  w i t h  temperature anomalies eon- 
cen t sa ted  i n  narrow v e r t i c a l  regions a t  t h e  c e l l  boundaries which a r e  
fed  by t h e  boundary l aye r s  a t  t h e  wal ls .  A s  Re i s  increased  ( fo r  a 
given f i n i t e  Pr)  t h e  motion becomes time dependent; remarkably r e g u l a r  
o s c i l l a t i o n s  a r e  f i r s t  observed and t h e s e  inc rease  i n  number and f r e -  
quency u n t i l  f i n a l l y  the  flow becomes d isordered  and t u r b u l e n t .  The 
var ious  regimes observed a r e  shown i n  t h e  fol lowing f i g u r e  a s  a func- 
t i o n  of Re and P r o  
l o 3  I n l t 1 
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I n  a previous l e c t u r e ,  we discussed t h e  assumption t h a t  t h e  
hea t  f l u x  does not  depend on p l a t e  sepa ra t ion  but  only on t h e  charac-  
t e r  of  t h e  thermal boundary l a y e r s ,  For t h i s  t o  be t r u e ,  i t  i s  neces-  
s a r y  t h a t  Nu be independent of  d , t h e  p l a t e  sepa ra t ion .  From t h i s  i t  
','h fol lows t h a t  Nu v a r i e s  as  ~ a ~ / ~  while  H v a r i e s  a s  (AT) 
The mechanism of t h e  h e a t  t r a n s f e r  was t h e  o b j e c t  of  Townsendss 
(1959) i n v e s t i g a t i o n .  What he observed was t h a t  t h e  f l u x  from t h e  
heated boundary was i n t e r m i t t e n t  r a t h e r  than s teady.  Buoyant f l u i d  
slowly accumulates and then breaks away, e i t h e r  a s  a thermal,  o r  a s  an 
unsteady plume, The fol lowing simple model due t o  Howard (1964) d e a l s  
wi th  t h i s  d i r e c t l y .  
Suppose a f l u i d  of depth d i s  i n i t i a l l y  a t  r e s t  and has cons t an t  
tempera ture  T = 0, A t  t ime t = 0 t h e  upper and lower boundaries  have 
temperatures  -% A T  and 9% LlT appl ied  t o  them. The f l u i d  then  h e a t s  
up by thermal conduction, producing e r r o r  func t ion  p r o f i l e s  of  t h e  form 
The th i ckness  & ~- t '  of  t h e  boundary l a y e r  i n c r e a s e s ,  u n t i l  a t  t ime 
t, t h e  Rayleigh number Rad based on AT and s= mt, reaches  a 
- 
3 
c r i t i c a l  va lue  of o r d e r  10 , A t  t h i s  t ime t h e  buoyant f l u i d  i n  t h e  
boundary l a y e r  suddenly breaks away a s  a d i s c r e t e  e n t i t y ,  With Pr o f  
o rde r  u n i t y  o r  g r e a t e r  Howard has shown t h a t  t h i s  can  happen i n  a t ime 
small  compared wi th  t, ( the  model does n o t  apply t o  low Pr,  s i n c e  con- 
duc t ion  ac ros s  t h e  whole depth d w i l l  t han  be dominant).  Time aver-  
ages of  t h e  conduction p r o f i l e  over  t h e  i n t e r v a l  (Oat,) g ive  e s t i m a t e s  
of t h e  mean temperature p r o f i l e  and h e a t  f l u x  which a r e  equ iva l en t  t o  
h o r i z o n t a l  averages i n  t h e  r e a l  f low,  Howard's r e s u l t s ,  a f t e r  averaging  
i n  t h i s  way, a r e  
-+ 
I f  t, i s  determined by p u t t i n g  Re z 10' t hen  Nu = 0.1 ~ a l ' ~ ,  is reason-  
a b l e  agreement wi th  experiment,  
I t  i s  now o f  i n t e r e s t  t o  examine t h e  h e a t  t r a n s f e r  through t h e  
environment by s p e c i f y i n g  t h e  mechanism s f  t h e  t r a n s f e r .  Consider t h e  
fol lowing experiment,  A t u r b u l e n t  plume o f  s a l t  s o l u t i o n  i s  supp l i ed  
a t  t h e  t o p  of a tank  of f r e s h  water  f o r  a long t ime,  Dye pu t  i n t o  t h e  
flow a t  an  e a r l y  s t a g e  spreads  out  a long t h e  f l o o r ,  and t h i s  marked f l u i d  
becomes p a r t  sf t h e  environment, i n  which turbulence  is  quick ly  sup- 
p re s sed ,  A l a t e r  marked pa tch  of  plume f l u f d  passes  through t h i s  
s l i g h t l y  heav ie s  Payer and a s  a r e s u l t  o f  mixing wi th  i t ,  becomes h e a v i e r  
s t i l l ,  The n e t  r e s u l t  o f  t h i s  process  i s  t o  produce a s t a b l y  s t r a t i f i e d  
environment, 
Baines and Turner (1969) have based a  d e t a i l e d  t h e o r e t i c a l  model 
on t h i s  p i c t u r e ,  using t h e  entrainment equations f o r  plumes and two ex- 
t r a  equations.  The f i r s t  o f  these  is  simply t h e  c o n t i n u i t y  equation,  
while  t h e  second expresses t h e  f a c t  t h a t  t h e  d e n s i t y  of  a  p a r t i c l e  i n  
t h e  non- turbulent environment remains cons tant ,  and t h a t  t h e  only den- 
s i t y  changes a t  a  f ixed  he ight  occur because of t h e  v e r t i c a l  motion. 
Double-Diffusive Convection 
Unlike convection i n  a  s i n g l e  component system, a  s t r a t i f i e d  
s a l t  s o l u t i o n  heated from below does not  over turn  top  t o  bottom, but 
r a t h e r  over turns  i n  l a y e r s  s t a r t i n g  a t  t h e  bottom and t h i s  layered 
s t r u c t u r e  progresses upwards through t h e  f l u i d .  Across t h e  i n t e r f a c e s  
t h e r e  is  a  s t a b l e  d e n s i t y  jump due t o  the  s a l i n i t y  d i s t r i b u t i o n ,  while  
t h e  more r ap id  d i f f u s i o n  of hea t  provides an uns tab le  buoyancy f l u x  
which d r ives  t h e  convection. When hea t ing  i s  begun, t h e  bottom laye r  
passes t h e  po in t  of i n s t a b i l i t y  and a  well-mixed l a y e r  develops. The 
t o p  of t h i s  l a y e r  r i s e s  a s  f l u i d  from above t h e  l a y e r  i s  incorporated 
i n t o  i t ,  
Experimentally i t  i s  observed t h a t  d b T= -/3 0 S , i . e .  t h e  
s t e p s  i n  T and S a r e  compensating t o  wi th in  experimental e r r o r  and t h e  
ne t  dens i ty  s t r u c t u r e  i s  shown i n  t h e  following f i g u r e .  I t  has been 
assumed t h a t  t h e  top  of  t h e  mixed l a y e r  i s  marginal ly s t a b l e ,  
The d i s t r i b u t i o n s  of ( i )  dens i ty  due t o  s a l i n i t y ,  ( i i )  d e n s i t y  due t o  
temperature, and ( i i i )  t h e  ne t  d e n s i t y  produced by hea t ing  a  l i n e a r  
s a l t  gradient  from below. 
In  t h e  opposi te  case  t o  t h a t  described above, when a  l i t t l e  ho t  
s a l t y  water i s  poured on t o p  of a  s t a b l e  temperature g rad ien t ,  ' s a l t  
f i n g e r s 1  quickly form: i d e a l l y ,  t h e  planform of  t h e  f i n g e r s  i s  square,  
with t h e  upward and downward motions a l t e r n a t i n g  i n  a  c l o s e l y  packed 
a r ray .  P r a c t i c a l l y ,  t h i s  means t h a t  each ' f i n g e r '  tends t o  have f o u r  
nea res t  neighbors. 
I f  a  l a y e r  s f  l i g h t e r  sugar s o l u t i o n  ( the more slowly d i f f u s i n g  
component) i s  placed above a s t a b l e  gradient  of s a l t ,  t h e  conf igura t ion  
again g ives  r i s e  t o  ' f i n g e r s 1 ,  s i n c e  t h e  substance of lower d i f f u s i v i t y  
i s  again uns tably  s t r a t i f i e d ,  This se tup  i s  convenient f o r  l abora to ry  
use s i n c e  l a r g e  gradients  a r e  e a s i l y  obtained without  any s p e c i a l  pre-  
caut ions  t o  prevent lo s ses  a t  t he  boundaries,  
Laboratory experiments on the  formation of  l a y e r s  by hea t ing  a 
s a l t  gradient  from below can be complicated by hea t ing  o r  cool ing  of 
t h e  s i d e  walks, The formation and growth of l a y e r s  i n  a  two-component 
system i s  an unsteady process,  which i s  r e l a t e d  t o  t h e  i n s t a b i l i t y  of 
t h e  s idewal l  thermal boundary l aye r  a s  i t  grows by conduction. When 
i n s t a b i l i t y  s e t s  i n ,  s a l t  i s  l i f t e d  by t h e  heated wall  l aye r ,  bu t  only 
t o  a  l e v e l  where t h e  ne t  dens i ty  i s  c l o s e  t o  t h a t  i n  t h e  i n t e r i o r ,  
Fluid then  flows out  away from t h e  wal l ,  producing a s e r i e s  of l a y e r s  
which form simultaneously a t  a l l  l e v e l s  and grow inwards from t h e  
boundaries,  
Analogous e f f e c t s  can be obtained using two s o l u t e s  i n s t e a d  o f  
s a l t  and h e a t ,  I f  opposing g rad ien t s  a r e  s e t  up, t h e  su r faces  of con- 
s t a n t  concent ra t ion  a r e  hor i zon ta l  and t h e  no- flux boundary condi t ions  
a r e  s a t i s f i e d  f o r  both p r o p e r t i e s  on v e r t i c a l  w a l l s ,  A t  an i n c l i n e d  
boundary, dens i ty  anomalies a r e  produced by d i f f u s i o n  which tend t o  
d r i v e  t h e  flow along t h e  w a l l ,  The second component prevents  t h i s  
continuing i n d e f i n i t e l y  and f l u i d  spreads i n t o  t h e  i n t e r i o r  a s  a  
s e r i e s  o f  l a y e r s .  
Once l a y e r s  and i n t e r f a c e s  have formed i n  one of t h e  ways de- 
sc r ibed ,  t h e  most important proper ty  i s  t h e  f l u x  of  S and T ac ross  them, 
The ove ra l l  behavior of a  two-layer convecting system, wi th  a  h o t  s a l t y  
l aye r  on top  s f  a  cold f r e s h  l aye r  i s  an example which can be t r e a t e d  by 
dimensional arguments, The f l u x  s f  t h e  d r iv ing  component FT ac ross  a  
convecting l a y e r  s f  depth d ,  and t h e r e f o r e  through t h e  bounding i n t e r -  
faces  i n  a s teady s t a t e ,  must be of t h e  form 
NU = 4 ( ~ a ,  Rs,Pr,r) 
'7 where Nu= KOT/~ 
Pr s J T=.'S/~ . A T and A S a r e  t h e  d i f f e rences  between t h e  c e n t e r  
of one l a y e r  and t h e  cen te r  of t h e  next .  In  any experiment 
i s  given and Pr and T a r e  cons tan t s ,  and a  p l a u s i b l e  form f o r  
which removes t h e  dependence on d i s  
where A1 has dimensions of ve loc i ty .  f l  and A1 can depend on molecular 
p r o p e r t i e s ,  but  once t h e  two components a r e  spec i f i ed ,  they should be 
funct ions  only of  t h e  dens i ty  r a t i o  Rp = & 
The devia t ions  of  A from t h e  va lue  A obtained f o r  s o l i d  bounda- 1 
r i e s  wi th  dnly a d i f f e r e n c e  A T  between them a r e  a  measure o f  t h e  e f -  
f e c t  of  an increas ing  hS on FT. Measurements by Turner (1965) i n  t h e  
h e a t - s a l t  system, which were compared with t h e  ' s o l i d  p lane '  values i n  
t h i s  way confirm t h a t  t h e  r a t i o  Al /A can be expressed a s  a  funct ion  of 
R p  a lone ,  For R p c  2 ,  t h e  hea t  f l u x  i s  g r e a t e r  than  it would be above 
a  s o l i d  plane.  This inc rease  i s  due t o  two e f f e c t s :  t h e  i n t e r f a c e  be- 
haves more l i k e  a  f r e e  su r face ,  so  t h a t  t h e r e  i s  a  weaker c o n s t r a i n t  on 
t h e  hor i zon ta l  motion, and it a l s o  supports  waves which can break, so  in-  
c reas ing  t h e  e f f e c t i v e  su r face  a r e a ,  When R P >  2 t he  hea t  f l u x  f a l l s  
progress ive ly  below t h e  s o l i d  p lane  va lue  a s  R p  i s  increased ,  reaching 
about one- tenth of  t h a t  value when R Q  = 7 ,  Huppert (1971) has suggested 
t h a t  over t h e  whole of t h e  measured range,  t h e  empirical  form 
f i t s  t h e  observat ions t o  t h e  experimental accuracy,  
S imi lar  arguments can be used t o  express t h e  s a l t  f l u x  a s  a  fune- 
t i s n  of Ra and R p  , independent of d .  I t  fol lows t h a t  t h e  r a t i o s  of 
t h e  f luxes ,  expressed i n  terms of t h e i r  r e s p e c t i v e  con t r ibu t ions  t o  t h e  
dens i ty  f l u x  w i l l  be 
This flux ratio should be another systematic function of Rg , and 
this is again borne out experimentally by Turner (1965), as R p  + I ,  
~ G L F -  - 1  also, suggesting that heat and salt are being transported 
by the samk turbulent motions at a breaking interface. As Rf increases 
to 2, the flux ratio falls rapidly, since molecular processes become im- 
portant. For a > 2, the flux ratio remains constant to within experi- 
mental error, the mean value being 66A F~ = 0.15 . 
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Brian P ,  Hickie  
Lecture # 4  SHEAR INSTABILITIES AND TURBULENT GRAVITY CURRENTS 
1, I n v i s c i d  models 
a ]  I n s t a b i l i t i e s  wi th  d i f f e r e n t  p r o f i l e s  
The two-dimensional, l i n e a r  theory  i n  c a s e  of a sha rp  i n t e r f a c e  
between two deep uniform l a y e r s  wi th  d i f f e r e n t  d e n s i t i e s  p , R and 
I 
v e l o c i t i e s  U, , 
'h l eads  t o  t h e  Kelvin-Helmholtz i n s t a b i l i t y  c r i -  
t e r i o n  f o r  wavelike d i s tu rbances  o f  wavenumber k: 
For small d e n s i t y  
(A 4' I 
9'  > T -  
i , e ,  i n  t h e  form o f  a c r i t i c a l  i n t e r n a l  Froude number based on t h e  
wavelength o f  t h e  d i s tu rbance ,  
I f  nonl inear  terms a r e  taken i n t o  account ,  t h e  development of  
an o r i g i n a l l y  s i n u s o i d a l  i n t e r f a c e  (curve Ci) i n  F i g , l ]  i n t o  a s p i r a l  
form ( i i )  due to t h e  i n t e r a c t i o n  of  t h e  va r ious  p a r t s  o f  t h e  vo r t ex  
shee t  and t h e  d i s t o r t i o n  of  t h e  wave form by t h e  mean flow can be  
shoen ( F i g , l ] ,  
More r e a l i s t i c  a r e  i n t e r f a c e s  of  f i n i t e  t h i c k n e s s ,  Two of them 
a r e  presented  h e r e  (Drazin and Howard, 1966): 
A A 
*'- 4 
/ -  - . 
. 
f l  ' 1  
/ \ 






(2; , y' d , ,  (ii) 




( i )  Layer of  in termedia te  dens i ty  and th ickness  h  between twb 
deep uniform l a y e r s  and with a  l i n e a r  v e l o c i t y  p r o f i l e  i n  t h i s  depth 
i n t e r v a l .  An o v e r a l l  Richardson number can be defined a s  
I n s t a b i l i t y ,  i n  t h i s  case, develops only i n  a  small zone. I n  con- 
t r a s  t 
case  ( i )  case  ( i i )  
s t a b i l i t y  c h a r a c t e r i s t i c s  
3 c 
R ; , = K ~ - I  
;able /"s t a b l e  
t a b l e  (case &)) 
( 085 1.0 1.5 2'aO 2 
uns tab le  (case ( i i ) )  
Fig.  2 
t o  t h e  K.H.-case t h e  h igher  wavenumbers a r e  again  s t a b i l i z e d  by t h e  
f i n i t e  th ickness  o f  t h e  i n t e r f a c e  (Fig.2) .  
( i i )  Veloci ty shea r  a s  wi th  ( i )  bu t  l i n e a r  d e n s i t y  g rad ien t .  
A t  low R i  t h e r e  i s  again a  range o f  in termedia te  wavenumbers 
which a r e  uns tab le .  However, f o r  R i  > 1/4 small d i s tu rbances  of  
a l l  wavenumbers a r e  s t a b l e  t o  i n f i n i t e s i m a l  d is turbances .  The f i r s t  
-
wave t o  go uns tab le  i f  R i  i s  reduced below 1/4 has a  wavelength of  
h = 3.5-4 
D i f f e r e n t  o the r  continuous p r o f i l e s  o f  u  and P have been i n v e s t i g a t e d  
with s i m i l a r  r e s u l t s  a s  ca se  ( i i ) ,  i , e ,  wi th  only s l i g h t l y  vary ing  
ranges o f  i n s t a b i l i t y .  I t  tu rned  out  t h a t  t h e  s u f f ~ c i e n t  c o n d i t i o n  
f o r  a n  i n v i s c i d  cont inuous ly  s t r a t i f i e d  flow t o  be s t a b l e  t o  smal l  
d i s tu rbances  i s  R i  > 114, This  does, however, no t  n e c e s s a r i l y  mean 
t h a t  t h e  flow has t o  become uns t ab le  f o r  R i  d 114, counterexamples 
have been found, 
b)  Experimental r e s u l t s  
S c o t t i  and Carcos (1969) have undertaken measurements i n  a  wind 
tunnel  wi th  a  two-layer flow s t r a t i f i e d  by temperature where t h e  l i g h t e r  
l a y e r  was flowing Eas te r  t han  t h e  heavier  one. Small waves were gen- 
e ra t ed  a t  t h e  c e n t r e  of t h e  i n t e r f a c e  by u s e  of  a n  o s c i l l a t i n g  w i r e ,  
Growth and decay o f  t h e s e  waves were i n  good agreement w i th  t h e  i n v i s -  
c i d  t heo ry ,  
Thorpe (1969) used a  r e c t a n g u l a r  tank wi th  f r e s h  water  above 
s a l t  water ,  I f  t h i s  tank was t i l t e d  r a p i d l y  through a  small  ang le  and 
l e f t  t h e r e ,  a f t e r  a  few seconds a  r e g u l a r  a r r a y  of waves suddenly ap- 
peared on t h e  i n t e r f a c e ,  The wavelengths and t h e  v e l o c i t y  d i f f e r e n c e s  
a t  which t h e  waves occurred were i n  good agreement w i t h  t h e  i n v i s c i d  
theory  extended t o  an  a c c e l e r a t e d  flow, One i n t e r e s t i n g  r e s u l t  o f  
Thorpe ts  l a t e r  experiments was t h a t  t h e  i n t e r f a c i a l  i n s t a b i l i t a e s  wi th  
an  appearance l i k e  those  i n  F ig .1  broke up a f t e r  a  s h o r t  t ime t o  pra-  
duee a  thickened i n t e r f a c e .  The f i n a l  mean d e n s i t y  g r a d i e n t  seems t o  
be almost l i n e a r  through t h i s  i n t e r f a c e  wi th  small  s c a l e  s t e p s  super -  
impos ed . 
E n s t a b i % i t i e s  o f  t h e  K O - H ,  type have been observed v i s u a l l y  i n  
t h e  atmosphere on cloud p a t t e r n s  and i n  c l e a r  a i r  by means o f  r a d a r  tech-  
n iques ,  I n  t h e  ocean they  were observed by Woods (1968) r i s i n g  dye 
t r a c i n g  techniques ,  
(c) E f f e c t s  o f  i n t e r n a l  waves on shea r  i n s t a b i l i t y  
A s  shown by P h i l l i p s  (1966) t h e  c u r r e n t  shea r  o f  an  i n t e r n a l  wave, 
t h e  wavelength of  which is  l a r g e  compared wi th  t h e  i n t e r f a c e  th i ckness ,  
i s  w i th in  t h e  i n t e r f a c e  
with O = frequency, k = hor izonta l  wavenumber, e = amplitude a t  
t h e  i n t e r f a c e .  For long waves (N'>>w')' 
This means 
The g rad ien t  Richardson number then i s  
i . e .  t h e  minimum R i  i s  achieved for t h e  maximum d e n s i t y  g rad ien t  be- 
cause of  i t s  l i n e a r  r e l a t i o n  t o  t h e  cu r ren t  shear .  [The most uns tab le  
i n t e r f a c e  i s  t h e  sha rpes t  one!) 
The maximum r a t e  of shear  occurs a t  t h e  c r e s t s  and troughs of  
progress ive  waves and if i n s i d e  t h e  i n t e r f a c e  
t h e  waves a r e  p o t e n t i a l l y  uns tab le ,  The length  s c a l e s  of t h e  i n s t a -  
b i l i t i e s  a r e  those  discussed i n  t h e  previous s e c t i o n  (F ig ,2 ) ,  The sub- 
sequent mixing reduces N so  t h a t  the  s t a b i l i t y  cond i t ion  may be r e -  
s to red ,  even i f  t h e  wave s lope  i s  maintained. 
2, Viscos i ty  and s t r a t i f i c a t i o n  
Plane flow a )  --
The s t a b i l i t y  of  d e n s i t y  i n t e r f a c e s  l i k e  those  t r e a t e d  i n  t h e  
previous chapters  is  well  described by t h e  i n v i s c i d  theory  except f o r  
very low Reynolds numbers when viscous damping w i l l  reduce t h e  growth 
r a t e  of d is turbances .  
Viscous theory  has been appl ied  t o  d i f f e r e n t  v e l o c i t y  and den- 
s i t y  p r o f i l e s  where v f s e o s i t y  was expected t o  be of  importance. The 
most important example i s  a  pa rabo l i c  v e l o c i t y  p r o f i l e  w i t h  a  l i n e a r  
temperature (dens i ty)  p r o f i l e ,  i nves t iga ted  by Gage and Reid (1968), 
For p o s i t i v e  R i  they  found numerically t h e  form of s t a b i l i t y  curves.  
According t o  t h e i r  r e s u l t s  t h e  flow w i l l  be s t a b l e  t o  small d i s t u r -  
bances f o r  R i  '3. 0.0544 f o r  a l l  Re, For smal ler  R i  t h e  flow i s  s t a b l e  
provided Re i s  s u f f i c i e n t l y  small ,  and a t  l a r g e  Re t h e  i n s t a b i l i t y  i s  
confined t o  a  p a r t i c u l a r  small wavenumber range,  
b) Flow along s loping boundaries 
A t  f i rs t  t h e  p roper t i e s  of a uniform laye r  o f  heavy viscous f l u i d  
flowing under l i g h t e r  f l u i d  a r e  summarized: The i n t e g r a t i o n  of  t h e  v i s -  
cous equations of  motion through t h e  depth  o f  t h e  lower l a y e r  leads  t o  
'Sinl8 
= -+(=h-t%)* ai +- 
with ui = v e l o c i t y  a t  t h e  i n t e r f a c e  (F ig ,3 ) ,  
Fig.  3 
In t roduct ion  of t h e  mean v e l o c i t y 5  o f  t h e  l aye r  l eads  t o  
where t h e  dimensionless parameter H may be w r i t t e n  a s  
H = R ~ s ~ B / ~ ~ = R F - R ; . ~  B, 
with 
Ki, " 
Ippen and Harleman (1952) found experimental ly M = 7 . 3  i . e , ,  u = 0,79 u i 
f o r  the  case  of i n t e r e s t  he re ,  
The range of H i n  o the r  cases may vary from 3 f o r  a f r e e  SUP- 
face  flow t o  1 2  f o r  a f ixed  boundary a t  z = H,  The important po in t  i s  
t h a t  H has a f ixed  value, i , e .  only one of  e i t h e r  Re o r  R i  i s  f r e e  i n  
t h e  experiment with t h e  s lope  given,  
Convenient parameters have t o  be chosen t o  desc r ibe  t h e  r e l a -  
t i v e  importance of  buoyancy and v i s c o s i t y  i n  laminar flows along 
boundaries: 
(1) if the .  length  h s c a l e  is  t h e  b a s i c  proper ty  and v e l o c i t y  i s  
produced by g r a v i t y  then  t h e  Grashof n m b e r  
is  appropr ia te ,  because E does not  appear ,  
( i i )  i f  t he  v e l o c i t y  i s  given then t h e  Keulegan number 
should be chosen. 
Few r e s u l t s  on t h e  s t a b i l i t y  of  t h e s e  flows a r e  a v a i l a b l e  up t o  
now, The experiments of Ippen and Harleman suggest  t h a t  t h e  two- layer 
flow becomes uns table  f o r  P = 1, then t h e  f i r s t  wave-like d i s tu rbance  
with wavelengths fl 3 h appear.  This r e s u l t  was r a t h e r  i n s e n s i t i v e  
t o  s lope .  Another i n s t r u c t i v e  experiment i s  t h e  r e l a t e d  case of  a  
laminar boundary under a  heated s loping p lane  i n  a i r ,  T r i t t o n  (1963) 
showed t h a t  t h e  f i r s t  i n s t a b i l i t y  appeared almost independent of  t h e  
s lope  i n  a  wide range of s lope  between 40' and 90' from t h e  h o r i z o n t a l .  
The c r i t i c a l  Grashof number corresponded t o  a  l o c a l  va lue  of  Re of 
about 250. However, t h e  at tainment  of t h e  f u l l y  t u r b u l e n t  flow i s  
d e f i n i t e l y  re tarded by t h e  s t a b i P i z i n g  e f f e c t  of  t h e  d e n s i t y  g rad ien t  
across  t h e  flow a s  t h e  plane i s  t i l t e d  towards t h e  hor i zon ta l .  
3 ,  Turbulent flows along s loping boundaries 
A tu rbu len t  flow along a  s loping  boundary i s  assumed t o  mix 
with a  non- turbulent environment, There do e x i s t  var ious  geophysical 
app l i ca t ions  f o r  t h i s  type o f  flow, Examples a r e  t u r b i d i t y  c u r r e n t s  
i n  t h e  ocean o r  t h e  downflow o f  cold  a r c t i c  water along t h e  bottom 
under warmer water.  (Attent ion i n  the  l a t t e r  case  w i l l  have t o  be paid 
t o  t h e  e f f e c t  o f  r o t a t i o n , )  
The concept s f  plumes which has a l r eady  been d iscussed  i n  pre-  
vious Lectures, i s  a l s o  app l i cab le  here.  I n  an inc l ined  plume t h e r e  
i s  a  component o f  g r a v i t y  normal t o  t h e  en t ra in ing  edge so  t h a t  t h e  
densf ty  gradient  has a  s t a b i l i z i n g  e f f e c t ,  
An o v e r a l l  R i  number can again  be def ined:  
where u  = mean v e l o c i t y  downslope, h  = depth,  A g lhu  i s  t h e  buoyancy 
f l u x  per  u n i t  width. 
The entrainment parameter i s  no longer - a s  i n  case  of v e r t i c a l  
plumes - a  cons tant  but i t  can be a func t ion  E(Rio), a s  E l l i s o n  and 
Turner (1959) have pointed o u t ,  The mass con t inu i ty  equat ion  i s  
I f  bottom f r i c t i o n  i s  d i s regarded  t h e  momentum equat ion  becomes 
From t h e s e  two equat ions 
F 2 R i , t b ,  e 
r e s u l t s ,  a  s t rong  dependence of  t h e  entrainment upon t h e  s l o p e ,  
The neg lec t  of bottom f r i c t i o n  i n  t h e  above formulae seems 
j u s t i f i e d ,  because t h e  experiments of E l l i s o n  and Turner have shown 
t h a t  f o r  moderately s t e e p  s lopes  t h e  s t r e s s  depends most ly on t h e  
entrainment  a t  t h e  ou te r  edge. The mixing process  can be  regarded 
a s  an  i n t e r n a l  one which i s  e f f e c t i v e l y  i s o l a t e d  from t h e  boundary, 
The l o c a l  v e l o c i t y  and buoyancy g r a d i e n t s  ac ros s  t h e  edge of t h e  
p1.ume a r e  then given i n  terms of t h e  imposed d i f f e r e n c e s  by 
In  t h i s  ou te r  region, t h e  p r o f i l e s  a.re l i n e a r  e s s e n t i a l l y  because no 
e x t e r n a l  length  s c a l e  i s  r e l e v a n t .  A d e t a i l e d  i n t e r p r e t a t f o n  of 
E l l i s o n  and Turner" experiments sugges ts  t h a t  t h e  Richardson number i s  
i, e . ,  t.urbulence can be maintained I n  a  'marg ina l ly  s t a b l e  s t a t e  regu-  
l a t e d  by t h e  mixing i t  produces,  
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Lecture #5. MECHANICAL M I X I N G  ACROSS DENSITY INTERFACES 
I n  t h i s  l e c t u r e ,  mechanical mixing ac ros s  d e n s i t y  i n t e r f a c e s  
w i l l  be  cons idered ,  One example of  t h i s  p roces s ,  t h e  mixing a c r o s s  
t h e  edge o f  a  g r a v i t y  c u r r e n t  f lowing down a s lope ,  was cons idered  i n  
t h e  previous  l e c t u r e .  I n  t h a t  ca se ,  t h e  mixing was due t o  t u rbu lence  
on one s i d e  of  t h e  i n t e r f a c e .  Lofquis t  (1960) d id  a  number of expe r i -  
ments on t h i s  problem f o r  t h e  ca se  of  a  nearby h o r i z o n t a l  boundary, 
Other l a b o r a t o r y  experiments w i l l  now be  cons idered ,  
A convenient  way t o  s tudy  one-dimensional mechanical mixing i n  
a  s t a b l y  s t r a t i f i e d  f l u i d  i s  t o  u s e  a v e r t i c a l l y  o s c i l l a t i n g  g r i d  of 
s o l i d  b a r s .  Rouse and Dodu (1955) f i r s t  appl ied  t h i s  method i n  a  two- 
l a y e r  experiment,  and Cromwell (1960) s t i r r e d  a t  t h e  t o p  of  a n  i n i -  
t i a l l y  s t a b l e  d e n s i t y  g r a d i e n t .  I n  t h e  experiment of  Rouse and Dodu, 
t h e  i n t e r f a c e  was kept  a t  a  f i x e d  he igh t  by adding and removing f l u i d  
from t h e  l a y e r s ,  Cromwell began wi th  t h e  l i n e a r  d e n s i t y  g r a d i e n t  b u t  
t oo  small  a  mesh s i z e  on h i s  g r i d ,  r e s u l t i n g  i n  s t r o n g  v i scous  e f f e c t s ,  
which a r e  not  being considered he re .  I n  both  cases  however, a  wel l -  
mixed l a y e r  was formed, bounded by a  sha rp  i n t e r f a c e  which moves away 
from t h e  s t i r r e r  (unless  it i s  f i x e d  a s  i n  t h e  Rouse and Dodu expe r i -  
ment) a s  f l u i d  i s  en t r a ined  a c r o s s  it from t h e  qu ie scen t  f l u i d  i n t o  
t h e  well-mixed l a y e r ,  Thus t h e  e x t e r n a l  s t i r r i n g  produces and main- 
t a i n s  t h e  well-mixed l aye r ,  and a l s o  sharpens t h e  i n t e r f a c e s  and causes 
t h e  mixing ac ros s  i t .  Photographs i n d i c a t e  t h a t  t h e  entrainment  is  e f -  
f e c t e d  by wisps of  t h e  lower (quiescent )  l a y e r  being l i f t e d  up by t h e  
upper l a y e r  edd ie s .  
There i s  a  ques t ion  of whether s t r a t i f i c a t i o n  of  t h e  lower l a y e r  
may, by ca r ry ing  away energy a s  waves, a f f e c t  t h e  r a t e  o f  en t ra inment .  
This  i s  no t  t h e  case  f o r  t h e  l a t o r a t o r y  experiments descr ibed  above, 
b u t  i n  t h e  case  of t h e  oceans and t h e  atmosphere, t h e  ques t ion  i s  un- 
re so lved ,  
There have been few d e t a i l e d  measurements of  t h e  i n t e r f a c i a l  
s t r u c t u r e  i n  t h e s e  experiments.  The ins tan taneous  th i ckness  of  t h e  
i n t e r f a c e  decreases  a s  t h e  s t i r r i n g  r a t e  i s  inc reased ,  bu t  t h e  th fek -  
ness  depends only  very  weakly on t h e  p rope r ty  be ing  t r a n s f e r r e d ,  The 
mixing t akes  p l a c e  l a r g e l y  through a  process  which looks l i k e  t h e  i n -  
t e r m i t t e n t  breaking  of s t e e p  forced i n t e r n a l  waves, which tends  t o  
t h i cken  t h e  i n t e r f a c e ,  followed by t h e  sweeping away o f  t h i s  f l u i d  by 
t h e  s t f r r i n g  i n  t h e  l a y e r s ,  which sharpens t h e  i n t e r f a c e  aga in .  
Most q u a n t i t a t i v e  measurements of  mixing r a t e s  have been i n t e r -  
p r e t e d  us ing  a r b i t r a r y  o v e r a l l  measures o f  l eng th  and v e l o c i t y  s c a l e s ,  
der ived  from t h e  geometry and s t i r r i n g  frequency. Thompson (1969) has 
shown how one can r e l a t e  t h e  entrainment  r a t e s  t o  t h e  p r o p e r t i e s  of t h e  
turbulence .  Using t h e  same appara tus  which had been used e a r l i e r  (Tur- 
ne r  1968) t o  measure entrainment  r a t e s ,  he showed t h a t  t h e  r.m.s. va lue  
u  of  t h e  h o r i z o n t a l  component of  t u r b u l e n t  v e l o c i t y  remained propor- 1 
t i o n a l  t o  t h e  s t i r r i n g  frequency whi le  t h e  turbulence  decayed r a p i d l y  
wi th  inc reas ing  d i s t a n c e  from t h e  g r i d .  
One can now be conf ident  t h a t  t h e  entrainment  r a t e s  measured i n  
Turne r ' s  experiments have been r e l a t e d  t o  s c a l e s  which a r e  n o t  a r b i t r a r y ,  
bu t  which a r e  c h a r a c t e r i s t i c  o f  t h e  f l u i d  motion nea r  t h e  i n t e r f a c e .  
By a  s i m i l a r  argument t o  t h a t  used i n  an  e a r l i e r  l e c t u r e  f o r  a  t u r b u l e n t  
g r a v i t y  c u r r e n t ,  we can suppose i n i t i a l l y  t h a t  t h e  mixing process  r ep re-  
s e n t s  a  balance between buoyancy and i n e r t i a  f o r c e s  a lone .  The e n t r a i n-  
ment v e l o c i t y  u  w i l l  t hen  be  a func t ion  of  ul ,  a measured i n t e g r a l  
e  
l eng th  s c a l e  11, and t h e  d e n s i t y  d i f f e r e n c e  A p  between t h e  l a y e r s ,  
which can  be expressed a s  
where 
= u e u': 
The fol lowing diagram of t h e  r e s u l t s  o f  Turner (1968) and Thompson 
(1969) suppor ts  t h e  choice of  R i o  a s  t h e  major governing parameter .  
Note t h a t  t h e  func t iona l  forms f o r  t h e  r a t e s  of mixing with tempera- 
t u r e  o r  s a l i n i t y  d i f f e r ences  across  t h e  i n t e r f a c e  a r e  d i f f e r e n t .  
When bo th ' l aye r s  a r e  s t i r r e d  i n  s i m i l a r  experiments,  it i s  
- 
found t h a t  t h e  mixing r a t e  i n  one d i r e c t i o n  through t h e  i n t e r f a c e  is  
not  s u b s t a n t i a l l y  changed. '  .This impl ies  t h a t  tu rbulence  i s  very  
s t r o n g l y  damped a t  an i n t e r f a c e  and t h e  events  which cause t h e  removal 
of  f l u i d  a r e  so r a r e  t h a t  t h e  two s i d e s  can be regarded a s  s t a t i s t i -  
c a l l y  independent.  When t h e  s t i r r i n g  i s  appl ied  a t  t h e  same r a t e  i n  
Limit at 
zero Ri, 
t h e  two l aye r s ,  t h e  i n t e r f a c e  remains sha rp  and c e n t r a l .  I f  t h e  s t ir-  
r i n g  i s  unsymmetrical, t h e  i n t e r f a c e  moves away from t h e  r e g i o n  of more 
vigorous s t i r r i n g  u n t i l  t h e  entrainment r a t e s  on t h e  two s i d e s  ba lance .  
The o the r  type  of  mechanical mixing t o  be considered i s  mixing 
d r i v e n  by a  s u r f a c e  s t r e s s .  Grid s t i r r i n g  i s  exper imenta l ly  convenient  
and can  be used a s  a  model of s e v e r a l  n a t u r a l  p rocesses  i n  which t u r -  
bu len t  energy i s  pu t  i n  on a  s c a l e  much smal le r  t han  t h e  l a y e r  depth,  
bu t  t h i s  may no t  always be r e a l i s t i c .  
Kato and P h i l l i p s  (1969) used t h e  g r i d  s t i r r i n g  technique  t o  
model an  ocean wi th  d e n s i t y  g r a d i e n t ,  d r iven  by a  s u r f a c e  wind s t r e s s .  
To avoid end e f f e c t s  t hey  used an annular  tank con ta in ing  s a l t  s o l u t i o n  
wi th  a  l i n e a r  d e n s i t y  g r a d i e n t ,  and app l i ed  a  cons t an t  s t r e s s  a t  
t h e  t o p  by r o t a t i n g  a  s c r e e n  immersed Bust below t h e  s u r f a c e .  A tu rbu-  
l e n t  l a y e r  was quick ly  formed bounded below by a  sha rp  i n t e r f a c e  which 
advanced a t  a decreas ing  r a t e  and ac ros s  which t h e  d e n s i t y  d i f f e r e n c e  
was inc reas ing  with t ime.  
Thei r  measurements o f  t h e  Payer depth D a s  a  f u n c t i o n  of  t ime, 
t oge the r  wi th  t h e  known i n i t i a l  g rad ien t  and t h e  imposed s t r e s s  a r e  
p l o t t e d  i n  t h e  fol lowing f i g u r e  i n  non-dimensional form. (See F ig .2)  
A dimensional argument sugges ts  t h a t  E, t h e  r a t i o  of  t h e  entrainment  
v e l o c i t y  t o  t h e  f r i c t i o n  v e l o c i t y  s a t i s f i e s  a  r e l a t i o n  o f  t h e  form 
where u, i s  def ined  by 2. 6 k: and i s  used a s  t h e  v e l o c i t y  s c a l e  and 
A D 
xi* = 6 Uik 
A p a r t i c u l a r  form f o r  f  can be obtained by a  dimensional argument 
which has an  a t t r a c t i v e  phys i ca l  i n t e r p r e t a t i o n .  I f  A? and Ue a r e  sup- 
posed t o  be s e p a r a t e l y  unimportant ,  and t o  occur  only  a s  t h e  product  
( the  buoyancy f l u x  ac ros s  t h e  i n t e r f a c e )  t hen  dimensional reasoning  g ives  
Fig .  2 
The numerical cons tan t  obtained by f i t t i n g  t h i s  from t o  Kato and 
P h i l l i p s  (1969) experiments over t h e  range 3 0 4  R i , d  300 impl ies  
t h a t  
- 1  5 
- a 
e "*  L"e - 2 . 5  Ri ,  = 2.5 -
" f L/ ,33yD 
A more e l a b o r a t e  experiment along t h e  same l i n e s  has been 
descr ibed by Moore and Long (1971). They produced a s teady  t u r b u l e n t  
s t r a t i f i e d  flow i n  a c y c l i c  tank by i n j e c t i n g  and withdrawing f l u i d  
through t h e  f l o o r  and c e i l i n g .  As i s  t o  be expected i n  a flow which 
i s  d r iven  a t  t h e  boundaries,  two homogeneous l a y e r s  formed, s epa ra t ed  
by a t h i n  i n t e r f a c e .  Experiments wi th  one o r  both l a y e r s  f lowing 
were i n t e r p r e t e d  i n  a s i m i l a r  o v e r a l l  way t o  t h a t  a l r eady  descr ibed .  
One poss ib l e  problem with t h i s  experiment i s  t h a t  s i n c e  t h e  flow i s  
dr iven  a t  t h e  t o p  and bottom by t a n g e n t i a l l y  o r i e n t e d  j e t s  which a r e  
t u rbu len t ,  t h i s  may a f f e c t  t h e  i n t e r p r e t a t i o n  of t h e  mixing r a t e s .  
Thus f a r ,  t h e  i n f luence  of  molecular processes  has  been ignored 
An e x p l i c i t  dependence of mixing r a t e  on Reynolds number was proposed 
by Rouse and Dodu (1955) on t h e  b a s i s  of  t h e i r  g r i d  s t i r r i n g  expe r i -  
ments. More r ecen t  work suggests  t h a t  t h i s  i n t e r p r e t a t i o n  may be in-  
appropr i a t e  and suggests  t h a t  t h e i r  r e s u l t s  a r e  an i n d i c a t i o n  of a  
viscous e f f e c t  occurr ing near t h e  generat ing g r i d ,  r a t h e r  than  during 
t h e  decay process o r  near  t h e  i n t e r f a c e .  Viscos i ty  cannot exp la in  t h e  
r e s u l t s  of Turner (1968) and Thompson (1969) Fig.1. Since t h e s e  ex- 
periments were conducted with e s s e n t i a l l y  cons tant  v i s c o s i t y  and t h e  
same range of dens i ty  d i f f e rences  and s t i r r i n g  r a t e s ,  t h e  l a r g e  d i f -  
ferences  i n  ue using s a l t  and heat  can only be explained by invoking 
molecular d i f f u s i v i t y .  A second dimensionless number, t h e  Pec le t  
number, Pe = e n t e r s  t h e  problem and now 
In  t h e s e  experiments, u  and l1 were va r i ed  l i t t l e ,  so  t h e  major change 1 
of  Pe was due t o  a  change i n  k, . Effec t ive ly  Pe had two d i f f e r e n t  
cons tant  va lues ,  one f o r  hea t  and one f o r  s a l t ,  and t h e  experimental 
curves i n  Fig .1  a r e  j u s t  two s e c t i o n s  of f (Rio ,  Pe).  These curves tend 
t o  t h e  same form a t  low R i o  where n e i t h e r  buoyancy nor d i f f u s i o n  i s  i m -  
- 1 por tan t  but  diverge a t  higher  R i o ,  becoming approximately ue/ulDL R i  
(heat)  and ue/ul 4 R i o  -3/2 ( s a l t ) .  
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Lecture #6. EXTERNAL M I X I N G  PROCESSES I N  THE OCEAN AND ATMOSPHERE 
1. Mixing o f  a  su r face  l a y e r  by wind s t r e s s  
The mixing here  a t  f i r s t  w i l l  be considered t o  be e n t i r e l y  
d r iven  mechanically, by t h e  wind s t r e s s  a t  t h e  s e a  su r face .  I t  is  
supposed t h a t  t h e  mixing a t  t h e  bottom of t h e  su r face  l a y e r  i s  de-  
sc r ibed  by t h e  p r o p o r t i o n a l i t y  between entrainment and i n v e r s e  Richard- 
son number - I 
&C/% = u R i  
(with % = f r i c t i o n  v e l o c i t y )  which has been d iscussed  i n  foregoing 
s e c t i o n s .  This r e l a t i o n  means t h a t  a  f ixed  f r a c t i o n  of  t h e  energy i n -  
pu t  a t  t h e  su r face  is  used t o  inc rease  t h e  p o t e n t i a l  energy o f  t h e  
su r face  l a y e r .  Hence, f o r  a  s i m p l i f i e d  ocean with a  s u r f a c e  l a y e r  of  
cons tant  t o t a l  buoyancy and depth h  above a  deeper l a y e r  of  cons tan t  
d e n s i t y  t h e  inc rease  of p o t e n t i a l  energy V with  t h e  i n c r e a s e  of  t h e  
su r face  l aye r  depth i s  given by 
a .  
i . e . ,  t h e  r a t e  of deepening of  t h e  su r face  l a y e r  i s  cons tan t  and i n-  
ve r se ly  propor t ional  t o  t h e  t o t a l  buoyancy b. 
With an a r b i t r a r y  d e n s i t y  p r o f i l e  p (3) t h e  above entrainment  
r e l a t i o n  w i l l  s t i l l  hold.  I f  it is  app l i ed  t o  a  l i n e a r  d e n s i t y  g rad ien t  
t h e  depth of t h e  i n t e r f a c e  a s  func t ion  of time w i l l  be given by 
with No t h e  i n i t i a l  buoyancy frequency. This  formula r e s u l t s  wi th  a  
p r o p o r t i o n a l i t y  f a c t o r =  = 2.5 which was found i n  Kato and P h i l l i p s '  
(1969) experiments. There i s ,  however, s e r i o u s  doubt whether such 
labora tory  cons tan t s  do hold f o r  t h e  ocean, f o r  t h r e e  main reasons :  
(1) Surface waves may in f luence  t h e  energy t r a n s f e r .  The t o t a l  
work of the  wind a t  t h e  s u r f a c e  may be  much l a r g e r  than  ~2 u: o r  Tai*r 
which i s  t h e  underlying energy inpu t  assumption he re .  This  means t h a t  
t h e  e s t i m a t e  of t h e  f a c t o r  r e l a t i n g  su r f ace  s t r e s s  energy i n p u t  and 
p o t e n t i a l  energy change would be increased ,  I n  f a c t ,  eva lua t ion  of 
ocean su r f ace  l a y e r  d a t a  by Turner (1969) revea led  t h a t  t h i s  f a c t o r  
might be almost twice  a s  l a r g e  a s  t h e  one i n  Kato and P h i l l i p s 1  ex- 
periments .  
( i i )  For deep wind mixed l a y e r s  t h e  t u r b u l e n t  energy p u t  i n  through 
wave breaking a t  t h e  s u r f a c e  w i l l  decay wi th  depth and c o n t r i b u t e  l i t t l e  
t o  mixing a t  t h e  i n t e r f a c e .  
( i i i )  The s u r f a c e  l a y e r  mixing may t a k e  p l a c e  i n  organized motions. 
C e l l u l a r  convect ion - f o r  example i n  form of Langmuir c e l l s  ( r o l l s  
a l i gned  downwind) - could r e s u l t  i n  s t ronge r  mixing throughout  a l l  t h e  
s u r f a c e  l a y e r .  
2 .  Seasonal changes of a  thermocline 
I n  t h i s  ca se  t h e  e f f e c t s  o f  hea t ing  and cool ing  a t  t h e  s e a  s u r -  
f a c e  have t o  be taken  i n t o  account i n  a d d i t i o n  t o  t h e  mechanical mixing, 
Since h e a t i n g  from t h e  s u r f a c e  tends  t o  make t h e  mixed l a y e r  sha l lower  
and s t i r r i n g  t o  deepen i t  a balance between both  e f f e c t s  must be pos- 
s i b l e  wi th  t h e  thermcl ine  remaining a t  a  f i x e d  depth h l .  By use  of  
dimensional arguments K i t a igo rodsk i i  (1960) showed t h a t  t hen  
wi th  B = buoyancy f l u x .  This  r e l a t i o n  simply means t h a t  t h e  k i n e t i c  
i npu t  a t  t h e  s e a  s u r f a c e  i s  used t o  change t h e  d e n s i t y  o f  t h e  upper 
l a y e r .  If wi th  a  given cons t an t  s t i r r i n g  energy t h e  h e a t i n g  r a t e  i s  
inc reas ing  t h e  thermocline w i l l  r i s e  and t h e  s u r f a c e  l a y e r  g e t  warmer. 
When t h e  hea t ing  r a t e  decreases  t h e  s u r f a c e  l a y e r  w i l l  s t i l l  g e t  warmer 
b u t  deepen s lowly due t o  t h e  entrainment  ac ros s  t h e  i n t e r f a c e  i n t o  t h e  
lower l a y e r .  
The f u r t h e r  development when t h e  s u r f a c e  i s  now cooled  can be  
t r e a t e d  under d i f f e r e n t  assumptions, l i m i t e d  by two extreme mixing con- 
c e p t s ,  namely no p e n e t r a t i o n  a t  a l l  and f u l l  p e n e t r a t i o n .  I n  t h e  f i r s t  
case  t h e  h e a t  ba lance  a l o n e  determines t h e  thermocline dep th ,  i n  t h e  
second case  a l l  k i n e t i c  energy-produced by wind 
s t i r r i n g  and by t h e  convection i t s e l f  i s  used t o  
e n t r a i n  colder  water upward across  t h e  thermo- 
c l i n e .  The b a s i c  d i f f e r e n c e  i s  shown i n  t h e  
sketch (Fig.1); a l i n e a r  temperature p r o f i l e  
i s  cooled from above, I n  t h e  nonpenet ra t ive  
F ig ,  1 case  t h e  p r o f i l e  (I)  r e s u l t s  where t h e  shaded 
a r e a  corresponds t o  t h e  hea t  l o s s .  I f  penetra-  
t i o n  occurs ,  a s t e p  i s  produced i n  t h e  tempera- 
t u r e  p r o f i l e  ( I I ) .  
The ideas  about hea t ing  and cool ing  a mixed su r face  l a y e r  have 
been appl ied  t o  oceanic s i t u a t i o n s  with seasona l ly  varying buoyancy 
f l u x  from t h e  su r face .  Kraus and Turner (1967) have t r e a t e d  a "saw 
tooth" h e a t  f l u x  cyc le  (which approximated t h e  a c t u a l  h e a t  f l u x  i n  a 
P a c i f i c  s u b a r c t i c  a rea  reasonably wel l )  wi th  cons tant  mechanical work- 
ing  a t  t h e  su r face .  Their  r e s u l t s  f o r  thermocline depth and su r face  
temperature with d i f f e r e n t  energy conservat ion  assumptions during t h e  
cooling cyc le  a r e  q u a l i t a t i v e l y  shown i n  F i g 0 2 ,  
The d i f f e r e n t  curves during t h e  cool ing  phase r e s u l t  from t h e  
assumptions of  
( i )  f u l l  pene t ra t ion ;  
( i i )  no pene t ra t ion  a t  a l l ;  
( i i i )  entrainment only due t o  convection, no wind s t i r r i n g ;  
( iv )  e n t r a i m e n t  only due t o  wind s t i r r i n g ,  
Measurements from an a r e a  i n  t h e  P a c i f i c  where adves t ion  i s  small 
showed t h a t  two main f e a t u r e s  o f  t h e  seasonal  v a r i a t i o n s  of t h e  t h e r -  
mocline a r e  well  reproduced by t h e  model: The maximum of hea t ing  and 
minimum depth occur together  and t h e  maximum s u r f a c e  temperature is  
delayed r e l a t i v e  t~ t h e  -time of  minimm depth ,  
A s  r ega rds  t h e  cooling phase, Kraus and Turner appl ied  curve (i) 
f i r s t ,  i . e . ,  t h e  concept of maximum entrainment  due t o  wind and convec- 
t i o n .  Turner Later  came t o  t h e  conclusion t h a t  t h i s  might not  be t h e  
heat ing  r a t e  
Fig.  2 
appropr i a t e  case  and tends more t o  the  nonpenetrat ive model. Other 
observat ions i n  labora tory  experiments,  i n  l akes  and i n  t h e  ocean a l s o  
suggested t h a t  t h e  pene t ra t ion  e f f e c t  of convection seems t o  be sma l l ,  
i , e ,  t h a t  i n  absence of wind s t i r r i n g  t h e  mixed l a y e r  depth can be  c a l -  
cula ted  from t h e  hea t  balance a lone .  Recent observat ions  have been 
presented from t h e  deep convect ive winter  mixing i n  t h e  nor thern  Med- 
i t e r r a n e a n  (Anati, 1971) which showed t h a t  even under presence of 
s t rong  winds su r face  cooling and not  mechanical s t i r r i n g  had t h e  dom- 
i n a n t  inf luence  on t h e  thermocline deepenfng, Hence, curves ( i i )  o r  
( iv )  i n  Fig.2 should be a p p l i c a b l e  i n  most cases .  
3 .  Mixing across  atmospheric inve r s ions  
In  an atmospheric bottom boundary l a y e r  t h e  p e n e t r a t i v e  and t h e  
nonpenetrat ive mixing process should be e a s i l y  d i s t i n g u i s h a b l e :  wi th  
pene t ra t ion  t h e  temperature a t  a  given l e v e l  w i l l  f i r s t  f a l l  ab rup t ly  
i f  t h e  s t e p  produced by entrainment (see Fig.1)  passes t h i s  l e v e l  and 
then  r i s e  again slowly. Without pene t ra t ion  t h e  temperature a t  a  
given he ight  cannot decrease.  However, observat ions of  such a s t e p  
a lone  i s  not  s u f f i c i e n t  t o  conclude entrainment s i n c e  h e a t  l o s s e s  a t  
t h e  boundary top  by r a d i a t i o n  can cause t h e  same e f f e c t .  
I f  convection occurs i n  t h e  form of thermals o r  plumes only a  
small f r a c t i o n  of t h e  work done by byoyancy appears a s  k i n e t i c  energy, 
a s  shown by Scorer  (1957). Considering t h a t  no t  n e c e s s a r i l y  a l l  
energy on t h e  l a r g e r  s c a l e s  which i s  most e f f e c t i v e  f o r  entrainment 
i s  used f o r  t h i s  purpose, t h e  mixing r a t e  might be r a t h e r  smal l .  
Thus, even though today ' s  s t a t e  of  t h e  a r t  does not  y e t  provide 
enough knowledge on how s t rong  atmospheric pene t ra t ion  is ,  it can be 
concluded t h a t  B a l l ' s  (1960) assumption of f u l l  p e n e t r a t i o n  must be 
wrong. 
4 .  Other f a c t o r s  inf luencing  t h e  depth o f  a  mixed l a y e r  
a )  Rotat ion 
In  t h e  foregoing cons idera t ions  r o t a t i o n  was neglec ted ,  t h e  in-  
f luence  of a  boundary s t r e s s  could p r a c t i c a l l y  p e n e t r a t e  i n d e f i n i t e l y .  
However, i n  a  r o t a t i n g  system t h i s  inf luence  i s  confined t o  t h e  Ekman 
l a y e r .  Noticeable dev ia t ion  from t h e  foregoing theory w i l l  have t o  
be expected i f  t h e  Monin-Obukhov length  L3 = 6 IB i s  not  much smal l e r  
than t h e  Ekman l a y e r  depth Le = V, / f . 
b) S tab le  dens i ty  g rad ien t  o u t s i d e  mixed l a y e r  
In  t h i s  case  energy can be l o s t  from t h e  l a y e r  by r a d i a t i o n  i n  
t h e  form of i n t e r n a l  g r a v i t y  waves. Townsend (1968) showed t h i s  pos- 
s i b i l i t y  f o r  an atmospheric boundary l aye r .  The generated waves w i l l  
t r a v e l  with a  phase speed c l o s e  t o  t h e  convection v e l o c i t y  k of t h e  
dominant d is turbances  because then resonance condi t ions  a r e  approached. 
These waves w i l l  have a wavelength -- U/N, with No t h e  buoyancy f r e -  
quency i n  t h e  region  above t h e  i n t e r f a c e ,  The r a d i a t i v e  energy l o s s  
may be l a r g e  enough t o  in f luence  t h e  motion of t h e  i n t e r f a c e  i t s e l f .  
Necessarily, the waves can only grow large if much forcing energy falls 
into the frequency range U r N w i t h  N now valid for the interface. 
5. Horizontal nonuniform effects 
a) Small scale 
Convection in a surface mixed layer takes place in form of ther- 
mals or plumes, i.e. it is horizontally nonuniform in a small scale. 
This obviously implies that application of a one-dimensional eddy dif- 
fusivity concept will lead to inconsistencies. The recognition of the 
individual elements which carry the buoyancy flux resolves an earlier 
controversy about "transport against the gradient". 
b) Large scale 
Horizontal nonuniformal effects result from horizontal gradients 
of wind stress and heat flux. 
c) Sloping boundaries 
If a layer meets a sloping bottom and the surface is cooled 
(Fig.3a) the surface water in the corner gets denser because of less 
underlying water volume available for heat supply and a downward flow 
along the bottom results. 
cooling cooling cold,fresh 
a 1 b 1 C) 
Fig. 3 
If sloping interfaces meet - for example in a two-layered eddy - 
heavier water is flowing into the intersection region and may occasion- 
ally break through the interface into the lower layer (Fig,3b), a sit- 
uation which might have played a role in the development of the deep 
mixing observed in the northern Mediterranean during the MEDOC expedi- 
tion 1969. With the double diffusive process the same effect as in 
Fig. 3a can happen to an interface meeting a sloping boundary, Heat 
in the corner of the lower layer is diffused upward more quickly than 
salt with the consequence of a downflow in the lower Payer, In the 
upper layer downflow has to occur as well at the slope because the 
water in this corner warms slower than at points away from that corner. 
Continuity in both cases requires horizontal circulation as indicated, 
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Lecture #7, STRAT IF IED TURBULENT SHEAR FLOWS 
As an introduction to the study of overall very stably strati- 
fied shear flows, which are the most common in the ocean, we shall con- 
sider in turn: 
1, High Reynolds number (turbulent) shear flow above a boundary, 
for a neutrally stratified (uniform density) fluid; 
2.  The effect of a buoyancy flux on such a flow, the fluid now 
being stratified; 
3 .  The dependence of t h e  flow on t h e  degree of  s t r a t i f i c a t i o n  i n  
t h e  convec t ive  case  (uns tab le ,  wi th  p o s i t i v e  v e r t i c a l  buoyancy f l u x ) ;  
4. The dependence of  t h e  flow on t h e  degree of s t r a t i f i c a t i o n  
under s t a b l e  condi t ions  (with a  p o s i t i v e  v e r t i c a l  d e n s i t y  f l ux ] .  
1. Neut ra l  s t r a t i f i c a t i o n  
Following E l l i s o n  (19571, 
we cons ider  (Fig.1) a n  i n f i n i t e  
p lane  z = 0 moved t a n g e n t i a l l y  
so  a s  t o  e x e r t  a cons t an t  uniform 
mean 
f l u i d  f  low 
t o  p lane)  
s t r e s s  on t h e  f l u i d  above, I / / / / / /  / / / / / I /  / / I  
and i n  p a ~ t i c u l a r  we seek t h e  - motion of  p l ane  
u l t i m a t e  s t eady  v e l o c i t y  p r o f i l e ,  Fig. l 
In  many con tex t s  t h e  r e s u l t i n g  
mean v e l o c i t y  i s  t h e  same a s  t h a t  generated by an  e x t e r n a l l y  imposed 
flow a t  a l a r g e  d i s t a n c e  above t h e  boundaryo However, i n  t h e  l a t t e r  
case  t h e  s t r e s s  may have t o  vanish  somewhere i n  t h e  p r o f i l e  ( fo r  ex- 
ample, a t  t h e  c e n t r e  o f  flow i n  a  p i p e ) ,  i n  which c a s e  we a r e  only  
ana lyz ing  t h e  s i t u a t i o n  f a i r l y  c l o s e  t o  t h e  w a l l ,  
P r i e s t l e y  (1959) cons iders  atmospheric a p p l i c a t i o n s  of t h e  
problem. Assuming t h a t  t h e  flow i s  t u r b u l e n t ,  corresponding t o  a  
l a r g e  Reynolds number, we suppose t h a t  a t  a  d i s t a n c e  z  above t h e  
boundary, t h e  v e l o c i t y  p r o f i l e  i s  n o t  a f f e c t e d  by t h e  va lue  o f  t h e  
f l u i d  v i s c o s i t y .  (This does exclude a  t h i n  l a y e r  c l o s e  t o  t h e  boundary, 
where v i s c o s i t y  i s  n e c e s s a r i l y  t h e  agent  of s t r e s s  a s  t h e  v e r t i c a l  
v e l o c i t y  f l u c t u a t i  ons w', and hence t h e  v e r t i c a l  t u r b u l e n t  momentum 
t r a n s f e r  p w'd decay t o  zero. ) Then z and t = P  u: (de f in ing  + 
where i s  t h e  d e n s i t y )  a r e  t h e  only  parameters  c o n t r o l l i n g  t h e  
p r o f i l e .  Local ly,  t h e  primary p r o f i l e  d e s c r i p t i o n  i s  d ~ / d z .  On 
dimensional grounds, we must have 
where k i s  a  u n i v e r s a l  dimensionless  cons t an t  (von Marman's con- 
s t a n t ) ,  which i s  found by experiment t o  have t h e  approximate va lue  . 4 l ,  
In teg ra t ing  (1) )  i = '"-*Ik (en * + c )  ( 2 )  
where c i s  another  dimensionless cons tant .  The shape of t h e  p r o f i l e  
- (2) i s  u n i v e r s a l ,  but t h e  absolu te  magnitude of U depends on t h e  
va lue  of c ,  which i n  t u r n  depends on t h e  boundary cond i t ions .  
(a) Aerodynamically smooth boundary 
We suppose t h a t  t h e  s t r e s s  i s  u l t i m a t e l y  t r a n s f e r r e d  by a 
viscous sublayer ,  of th ickness  d 3/%, c l o s e  t o  t h e  boundary. 
Here t h e  mean v e l o c i t y  i s  l i n e a r ,  b u t  t h e r e  a r e  s t i l l  v e l o c i t y  f l u c-  
t u a t i o n s  wi th  hor i zon ta l  and v e r t i c a l  components of s c a l e  
(u: w i )  U* (*/d, (t/d)%), 
so  t h a t  t h e  flow i s  no t  laminar. 
Writing c = -& d/u++ C,  , we have from (2) 
where cl is  another  un ive r sa l  dimensionless cons tan t ,  found by exper i-  
ment t o  be approximately 2,4. Thus t h e  magnitude of i s  determined. 
The p r o f i l e  (3)  holds f o r  z down t o  a few times d .  
(b) Aerodynamically rough boundary 
A s  t h e  boundary i s  approached, t h e  momentum t r a n s f e r  i s  sup- 
posed u l t i m a t e l y  t o  be d i r e c t l y  due t o  roughnesses on t h e  boundary, 
and t h e i r  a s soc ia t ed  wakes. C lea r ly  we suppose t h e  roughness has a 
s c a l e  l a r g e r  than d . Then 
where 2, i s  t h e  "roughness length" , t o  be found by experiment i n  any 
given context .  I t  tends t o  be about 1/30 t h e  s i z e  o f  t h e  o b j e c t s  
c o n s t i t u t i n g  t h e  roughness. Some es t imates  a r e  
Wheat T a l l  Grass Cropped Grass Sea i n  moderate wind 
5 cm 3 cm - 3  cm .1 cm 
This p r o f i l e  gives l o c a l  values f o r  
t dn energy product ion/uni t  mass E = /p /ds = U: dqda= ' / k z  
and "eddy v i s c o s i t y f f  KLm = $$/*'/d3 = /f U* 
k, i nc reases  wi th  z a s  ever  l a r g e r  eddies  (up t o  a  s c a l e  of 
o r d e r  z imposed by t h e  d i s t a n c e  t o  t h e  boundary) can c o n t r i b u t e  t o  
mixing when z i nc reases .  
The Reynolds analogy i s  t h a t  1(,and t h e  thermal "eddy d i f f u s i -  
v i t y f t  I<y ( f o r  example) a r e  i n  a  cons t an t  r a t i o  throughout t h e  flow. 
This  i s  based on t h e  i d e a  t h a t  both momentum and h e a t  t r a n s p o r t s  occur  
due t o  t h e  same process  o f  t u r b u l e n t  mixing. The assumption i s  very  
good f o r  n e u t r a l  and weak s t r a t i f i c a t i o n ,  bu t  breaks  down f o r  a  s t r o n g l y  
s t r a t i f i e d  f l u i d .  Success i n  any circumstances i s  perhaps somewhat s u r -  
p r i s i n g  s i n c e  momentum, u n l i k e  h e a t ,  i s  a  v e c t o r ,  and may a l s o  be t r a n s -  
f e r r e d  by p re s su re  f o r c e s .  
2 .  Buoyancy f l u x  
The gene ra l ly  accepted b a s i s  of  t h i s  ex t ens ion  t o  t h e  loga r i thmic  
p r o f i l e  o f  (1) was developed by Monin and Obukov (1954). 
i s  uniform i n  he igh t ,  and t h a t  z i s  a parameter c o n t r o l l i n g  t h e  l o c a l  
v e l o c i t y  p r o f i l e .  However, t h e r e  i s  now an a d d i t i o n a l  parameter ,  v f z .  
Figure 2 shows t y p i c a l  v e l o c i t y  
h z  
t h e  buoyancy f l u x  I 
p r o f i l e s  i n  d i f f e r e n t  types  of s t r a t i -  
f i c a t i o n ,  a s  observed by experiment.  
They ag ree  wi th  t h e  i d e a  t h a t  s t a b i l i t y  
w i l l  i n h i b i t  v e r t i c a l  mixing and so  pe r-  
- 
where H i s  t h e  h e a t  f l u x ,  and , 0, r e f e r e n c e  d e n s i t y  and p o t e n t i a l  
temperature.  B i s  assumed t o  be uniform wi th  h e i g h t ,  This  is  q u i t e  
- 
u 
a seve re  r e s t r i c t i o n ,  and ( f o r  example) dur ing  morning h e a t i n g  of t h e  
m i t  g r e a t e r  shea r .  F ig .  2 
A s  i n  ( I ) ,  we assume t h a t  U+ 
lower atmosphere, B decreases  l i n e a r l y  wi th  h e i g h t ,  s o  t h a t  t h e  as-  
sumption would only  hold good f o r  a  t h i n  l a y e r  nea r  t h e  ground. 
B and U,combine t o  g ive  a  l e n g t h  s c a l e  ( i n  a d d i t i o n  t o  z)  
L- = 6 ' : / k  3 $? = -"ikB t h e  Monin-Obukov length .  
A s  defined,  i t  i s  p o s i t i v e  i n  a  s t a b l y  s t r a t i f i e d  f l u i d ,  and negat ive  
f o r  uns tab le  s t r a t i f i c a t i o n .  I t  is t y p i c a l l y  some t e n s  of metres i n  
t h e  lower atmosphere. 
The r a t i o  z / ~  measures t h e  importance of B.  S ince  it becomes 
small i f  e i t h e r  B +  0 o r  z j 0, we see  t h a t  s t r e s s  dominates when 
i t  i s  small ,  and buoyancy has inc reas ing  inf luence  a s  it becomes l a r g e r ,  
i . e .  a s  t h e  he ight  above t h e  bottom i s  increased .  
Dimensional arguments now r e q u i r e  
where t h e  above d i scuss ion  i n d i c a t e s  ($m -+ I (*/L --+ o), $,, i s  an  
inc reas ing  funct ion  of */L . From (5) K, = r/p d'ak2=h *7bM which 
decreases r e l a t i v e  t o  k u,z a s  +/L increases .  / 1 
In teg ra t ing  (51, Z/U*= I /R  [dm 6 (%)I (6) 
Monin and Obukov p l o t t e d  K (4 L)' k&[x(s)-~(~)] a s  observed ex- 
per imenta l ly  aga ins t  */L , a s  shown X-- 6 
i n  Fig.3. According t o  (6) 
x(s,~)=azpl++ (v,~-Ut)= x (./I). unstable S ~ C L ~ I ~  
-- 
The experimental d a t a  do indeed co l-  -. \ 
',. 
l apse  well  onto t h e  two curves of 
F ig ,3 ,  thus demonstrating t h e  va l -  
i d i t y  of  t h e  dimensional argument. Y 
However, no phys ica l  p r i n c i p l e  has 1 
y e t  been proposed which g ives  a  s a t i s -  F ig .3  
f a c t o r y  func t iona l  form f o r  , o r  #4 . I f  +N s 1 + eg s/L , then 
t h e  "log-l inear" p r o f i l e .  By experiment, oC ss 6 , but  t h i s  form i s  
only good a priox% f o r  small %/L , and indeed i s  no t  a c c u r a t e  o ther-  
wise. 
Dimensional arguments a l s o  r e q u i r e  
(8 1 
- 
analogous t o  (5) , where 3 = e ' w / ~ *  . The Reynolds analogy s t a t e s  
t h a t  $M and $N a r e  propor t ional .  
Besides / o the r  measures of s t a b i l i t y  a r e  
Richardson number % = -216 *A dz43r 
- 
P' w and Flux Richardson number Rfr ('r/ ) ~ i  = % %U.: (dii/dp)(= h~ u*L) . 
KNL 
- r a t e  of  working aga ins t  buoyancy 
l e  - 
r a t e  of energy input  by s t r e s s  
In  f a c t  observat ions  i n d i c a t e  t h a t  turbulence  i n  a s t r a t i f i e d  f l u i d  i s  
s t rong ly  a f fec ted  when t h e  va lue  -R.f reaches about .1, so  t h a t  t h e  ab- 
s o l u t e  l i m i t  1 i s  not approached i n  p r a c t i c e  (see s e c t i o n  4 ) .  As %+O, 
TL - ~f W ~ / L  r 
but  R i ,  Rf and t h e  va lue  #M/@* a l l  become d i f f e r e n t  funct ions  of  P/L 
a s  t h i s  becomes l a r g e r .  
3 ,  Convection 
a )  Forced convection (Fig.4) occurs  when t h e  shear-generated t u r -  
bulence causes,  and i s  unaffec ted  by, t h e  v e r t i c a l  h e a t  t r a n s f e r ,  In  
t h i s  case  
K H  = KM = k U*Z = Ps' 
2. dri Then p= KU ' 3 /&I vd3 *r d'/djdr 
so t h a t  d 8/d2 d $#I 
r r f  
HEAT 
Fig.  4 
b) - Free convection corresponds t o  l a r g e  negat ive  va lues  of  t / ~  * 
I n  t h i s  case,  t he  hea t  f l u x  i s  supposed t o  be d r iven  by buoyancy 
e f f e c t s ,  and not  t o  depend on t h e  va lue  of  t h e  shea r .  Thus it i s  i n -  
dependent of  u, and t h e  derived length  L. However, t h e  tu rbu len t  energy 
may s t i l l  have a s u b s t a n t i a l  con t r ibu t ion  from t h e  shear  flow, whose 
ex i s t ence  is  indeed necessary f o r  t h e  dimensional argument, a s  i t  
prevents  a boundary l aye r  length s c a l e  from being t r a n s f e r r e d  t o  t h e  
he igh t s  considered by convecting elements. 
Without u, and L ,  t / g  dp/d, depends on r and B a lone .  
Hence ( jh d$,j' H, , a dimensionless cons tant .  
- Thus 
H, i s  t h e  non-dimensional hea t  f l u x .  Whereas t h i s  i s  a un ive r sa l  con- 
s t a n t  f o r  f r e e  convection, we have f o r  forced convection 
Forced, f r e e  and ' n a t u r a l '  convection, which involves  molecular 
processes a t  s t i l l  l a r g e r  va lues  of - Z t / L ,  a r e  d iscussed  i n  Town- 
send (1962). The r e s u l t s  of experiment a r e  shown i n  Fig.5:  t h e  
t r a n s i t i o n  range of 2-// between forced and f r e e  convect ion i s  very  
s h o r t .  





6 03 - "/' 
Fig.  5 
(9) i s  c o r r e c t  i n  t h e  l i m i t i n g  cases  
( i )  z/-L + 0 (forced convect ion)  
( i i )  Liirge nega t ive  z / ~  ( f r e e  convect ion)  
( i i i )  Large p o s i t i v e  =/L 
(when Rf -+ Rfcrit = )$ r Kvku*i= U * A ~ / ~ ~ ~ - O ;  s e e  s e c t i o n  4 ) .  
Experiments i n d i c a t e  t h a t  d i s  about 14 ,  b u t  t h e  form (9) i s  
merely a  suggested i n t e r p o l a t i o n ;  t h e r e  i s  no t h e o r e t i c a l  r ea son  why t h e  
s i n g l e  cons t an t  d should be a c c u r a t e  f o r  t h e  t h r e e  l i m i t s  ( i )  - ( i i i ) .  
(9) imp l i e s  (- Y ~ / L  
4.  S t a b l e  cond i t i ons  
(a)  ~f we assume (7) ,  v i z .  Z =  [h d 3/L] , 
corresponding t o  dz/dr = Ud/hr  & 8 Qfi z I + Z/+/L 3 
t hen  ?f= b/kyL= */'$, . a t 8  I - $ - " ~ / L = ~ , , , ( I - ~ c R ~ ) .  
Thus $= ( l - e ~ + ) - '  
Allowing Z/L and Rf t o  i n c r e a s e  r a t h e r  beyond t h e  range f o r  which (7) 
is  v a l i d ,  we s e e  t h a t ,  wi th  r d  = 5, $par and K,* 0 a s  41-7.2 . 
Although (7) is  not  accu ra t e ,  t h e  suggested r a p i d  i n c r e a s e  of 
@ with Rf i n  t h e  range  .1 t o  - 2  i s  r e a l ,  and i n d i c a t e s  t h a t  t h e  t u r -  
bu len t  flow w i l l  be s t r o n g l y  a f f e c t e d  by buoyancy i n  t h i s  range .  I t  
appears  t h a t  work done i n  r a i s i n g  heav ie r  f l u i d  a g a i n s t  buoyancy can  
t a k k  up only  a  small  f r a c t i o n  o f  t h e  shea r  energy i n p u t ,  most o f  t h e  
energy pass ing  v i a  t h e  tu rbu lence  t o  v iscous  d i s s i p a t i o n ,  
(b) Very s t a b l e  l i m i t  
The Monin-Obukov theory  inc ludes  z ,  u, and B as parameters .  
I f ,  however, we suppose t h a t  t h e  stratification i n  a  r e g i o n  o f  t h e  
f l u i d  i s  s u f f i c i e n t l y  s t r o n g  t h a t  no eddies  extend t o  t h e  boundary, 
i t  i s  app ropr i a t e  t o  amit  z. We a r e  t h e r e f o r e  no longer  cons ide r ing  
boundary turbulence .  L= - G1I/B i s  now t h e  only  l eng th  s c a l e ,  D i -  
mensional arguments t hus  imply 
so that both N~ and 'Vds are uniform throughout the region. We 
also have 
A uniform ' equilibriumr value RLe for 3; is therefore implied. 
This, and the linear profile of , corresponds to the result for 
the outer edge conditions in flow down a steep slope, discussed in 
Lecture 4. In that context, $.a% and A 4  were specified, compared 
with B and U, in the present case. 
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Lecture #8. TRANSPORTS IN VERY STABLE CONDITIONS 
We should like to consider the application and significance of 
the uniform conditions in self-regulated very stable fluid flow (Lee- 
ture # a ,  section 4(b)) for large bodies of fluid. 
1. Experimental evidence 
(a) In the context of turbulent flow down a slope (Lecture #4 and 
Lecture #7, section 4(b)), it is found that the velocity profile at the 
interface of the two fluids is linear, This agrees with the results sf 
the dimensional analysis given, The equilibrium Richardson number Rie 
which r e s u l t s ,  i s  found t o  have a value of  around .1 o r  s l i g h t l y  l e s s ,  
(b) Browning (1971) has made rada r  observat ions  i n  t h e  atmosphere, 
and was a b l e  t o  p l o t  contours of  R i  a s  shown i n  Fig.1.  Minima with 
values between .1 and , 2  were 
r e g u l a r l y  obtained,  ind ica t ing  t,height 
some balance between t h e  ten-  
dency of turbulence t o  inc rease  
t h e  Richardson number, and of 
@ 
l a r g e  s c a l e  motions t o  decrease 
@ t 
Fig .1  time f t .  The l a r g e r  va lues  of R i  i n  
these  observat ions  (compared wi th  ( a ) )  a r e  probably due t o  t h e  s p a t i a l  
averaging over d i s t ances  of a t  l e a s t  200 m.  
(c) Prych e t  aZ, (1964) c a r r i e d  out  t h e  experiment i l l u s t r a t e d  
i n  Fig.2.  They found t h a t  t h e  f i n a l  d e n s i t y  p r o f i l e ,  r e s u l t i n g  from 
I n i t i a l  I -
d e n s i t y  I 
p r o f i l e  
- 
p l a t e  sampling 
tubes 
towed through 
i n t e r f a c e  
1 
Fig. 2 
towing t h e  p l a t e  normal t o  i t s e l f  through t h e  i n t e r f a c e ,  was l i n e a r  
i n  t h e  r eg ion  where mixing had occurred.  (This agrees wi th  t h e  f i n d-  
ings  of Thorpe f o r  t h e  mixed reg ion  a f t e r  Kelvin-Helmholtz i n s t a b i l -  
i t y  a t  an  i n t e r f a c e ) .  Before t h e  l i n e a r  p r o f i l e  was e s t ab l i shed  
a f t e r  passage of t h e  p l a t e ,  however, t h e  p l a t e ' s  wake success ive ly  
grew, then  col lapsed  on t h e  l a r g e  s c a l e s ,  and f i n a l l y  t h e  small s c a l e  
turbulence  decayed. The l a r g e  s c a l e  c o l l a p s e  occurred a t  around 
R i  = . I ,  and by t h e  time R i  had reached - 3  a t  any p o i n t ,  t h e  turbu- 
lence had s t rong ly  decayed. 
(d) Townsend (1957) s e t  up f l u i d  wi th  a  s t a b l e  dens i ty  g rad ien t ,  
and then  introduced from t h e  s i d e  a  j e t  of in termedia te  d e n s i t y ,  He 
measured t h e  dens i ty ,  and hence t h e  mixing, a t  var ious  po in t s  i n  t h e  
in t rud ing  j e t ,  I t  was found t h a t  t h e  r a t e  of mixing began t o  decrease 
a t  a value f o r  R i  of about .05. Mixing was complete by t h e  t ime R i  
reached . 3 .  
(e) Townsend, quoting Nichol (1970), a l s o  considered t h e  exper i-  
ment shown i n  Fig.3. I t  was found t h a t ,  a t  a p a r t i c u l a r  d i s t a n c e  
/ heaU / / / 
bound 
drivi- 
flow v e l o c i t y  p r o f i l e  
downstream, t h e  turbulence  i n  t h e  s t a b l y  s t r a t i f i e d  thermal boundary 
l a y e r  was dramat ica l ly  reduced, 
Consequently t h e  Reynolds s t r e s s  between i t  and t h e  e x t e r i o r  
flow was much l e s s ,  and t h e  thermal l aye r ,  being dr iven  only weakly, 
had a much reduced v e l o c i t y .  
( f )  Townsend (19676 i n t e r p r e t e d  t h e  dying away of t h e  wind a t  
n i g h t ,  o r  during a s o l a r  e c l i p s e ,  a s  follows: With the  absence of 
s o l a r  hea t ing ,  t h e  ground cools  by r a d i a t i o n  and forms a thickening 
s t a b l e  l a y e r  o f  a i r  above. Eventual ly R i  r i s e s  t o  some value  around 
. I ,  t h e  d r i v i n g  tu rbu len t  s t r e s s  i s  much reduced, and t h e  wind speed i n  
t h e  ground l a y e r  f a l l s  correspondingly.  
The evidence given so f a r  a l l  suggests  t h a t  i f  t h e  Ricahrdson 
number r i s e s  above about -1, s t rong  decay of turbulence  occurs ,  However, 
some observat ions i n d i c a t e  t h a t  turbulence  may be present  with very much 
l a r g e r  R i .  
(g) E l l i s o n  and Turner (1960) c a r r i e d  out  t h e  experiment sketched 
i n  Fig.4, wi th  t h e  r e s u l t s  ind ica ted  i n  Fig .5 ,  
(h) Taylor (1931) made measurements i n  t h e  Kattegat ,  where out-  
flowing f r e s h  water from t h e  B a l t i c  Sea o v e r l i e s  more s a l t y  water.  The 
r e s u l t s  a r e  p l o t t e d  i n  Fig.5.  A s  f o r  (g),  R i  may increase ,  accompanied 
by a decrease  of K s / k ,  so  t h a t  Rf = (K$/L) R i  i s  always l e s s  than 1. 
s a l t  input  
2 .  Layering and waves 
The f a l l  of K ~ / K ~  a s  R i  r i s e s  implies  t h a t  d i f f e r e n t  mechanisms 
Ks/4, 
l-om- 
of s a l t  and momentum t r a n s p o r t  a r e  becoming important .  I n  p a r t i c u l a r ,  
\+ x E l l i s o n  and Turner 
'3. 
'.k 
A Taylor  
'% 
A A A A  
,. I I 
s i n c e  s a l i n i t y  i s  a  pass ive  quan t i ty ,  i t  would appear t h a t  we r e q u i r e  
an add i t iona l  means of  momentum t r a n s p o r t .  Taylor ,  and Stewart (1969), 
.OI 4 I I 10 R; 
Fig.  5 
suggested t h a t  wave motions may be important i n  t r a n s p o r t i n g  momentum. 
There is  a l s o  t h e  problem of  t h e  observed ex i s t ence  of  turbu- 
lence ,  even a t  l a r g e  o v e r a l l  R i .  I t  has been proposed by Stewart t h a t  
l o c a l l y  R i  must be very  much smal ler  (e .g. ,  a t  sharp  i n t e r f a c e s )  t o  sup- 
por t  t h e  turbulence,  t h e  l a r g e  va lues  of  R i  being only space averages.  
We i l l u s t r a t e  t h e  d i f f i c u l t y  dens i ty  /-/////////!/ 
by considering t h e  problem 4 imposed AU -+- f 
i n  F ig ,6 .  
I f ,  by chance, t h e  i m-  
posed Richardson number 
dens i ty  
p A f '  / / I /  f ixed  / / /  / I / /  
should equal R i e  (Lecture # 7 ,  Fig .6  
s e c t i o n  4 ( b ) ) ,  then t h e  l i n e a r  
gradient can be maintained by self-adjusting turbulence. If Ri,L Rie, 
the shear dominates over the stratification, and the flow is exter- 
nally regulated from the boundaries, as in the Monin-Obukov theory, 
If Rio ;> Rie (as in the ocean), there must be internal self-regula- 
tion. However, turbulence is observed, which seems paradoxical since 
internally self-regulating turbulent flow implies a Richardson number 
Rie. A partial solution of this problem has been suggested by Stewart 
(1969). He pointed out that a small constant value (e.g. Rie) of Ri 
throughout the fluid is consistent with any overall Rio > Rie provided 
the density and velocity profiles are sufficiently nonlinear. Essen- 
tially this is because, comparing Rio = ld Aph~ (%"rwith 16 d ~ 2  / cd 
As an example, consider Fig.7. 
Both the linear (solid curve) and nonlinear (broken curve) profiles 
have the same overall Richardson number Rio, which is also the local 
value Ri for the linear profile. However, the nonlinear profile has 
Ri = Rie L, Rio everywhere, if 
S, t = + (1-7?)*/{4~r (I-@(I-r) + ( I - R ) ' }  ] 
where -R = RidRie , i . e. we can construct a continuous range (in r ) 
of nonlinear profiles which have an overall value Rio but a local 
value Rie everywhere. 
The following comments apply to Stewart's suggestion, 
(a) The steady state self-regulating profile under very stable 
conditions was 
B and u, being supposed uniform (although t h e  r e s u l t i n g  R i e  i s  inde-  
pendent of  t h e i r  va lues ) .  Nonlinear p r o f f l e s  a r e  i n c o n s i s t e n t  wi th  
t h i s  uniformity.  Indeed, it appears from (1) t h a t  a  region  i n  which 
2 da/& i s  l a rge  i s  a s soc ia t ed  with a  small va lue  of u,, i . e .  small 
momentum t r a n s p o r t  by t h e  turbulence .  Since i n  regions  of smal ler  
2 d d k 3  U. i s  l a r g e r ,  t he  t o t a l  momentum t r a n s p o r t  t h e r e  i s  g r e a t e r .  
We t h e r e f o r e  r equ i re ,  i n  regions  of l a r g e  dc/d.+ , another  means be- 
s i d e s  turbulence  f o r  t h e  v e r t i c a l  t r anspor t  of ho r i zon ta l  momentum. 
Waves provide such a means. 
(b) Formation of t h e  hypothesized layered s t r u c t u r e  from l i n e a r  
p r o f i l e s  r e q u i r e s  energy, Consider t r a n s i t i o n  from t h e  l i n e a r  t o  t h e  
s tepped i n t e r f a c e  i n  Fig.8. The k i n e t i c  energy r e l e a s e  i s  eAqwa H3i 
t h e  p o t e n t i a l  energy requi red  i s  -1p P. r which i s  g r e a t e r  if 
1 The p o t e n t i a l  energy requi red  t o  produce R i  ( =  -f PI,. ', 
a p r o f i l e  with R i  = R i e  everywhere is  g r e a t e r  than  t h e  k i n e t i c  energy 
r e l e a s e  when R i o  ') k(Rie + 1 ) .  k(Rie + 1)  is  always l e s s  than  one, 
and when R i o  i s  g r e a t e r  than  t h i s  va lue  t h e r e  i s  i n s u f f i c i e n t  energy 
i n  t h e  i n i t i a l  l i n e a r  p r o f i l e  t o  form t h e  layered s t r u c t u r e .  Again 
it appears t h a t  we must invoke waves, generated e x t e r n a l l y ,  t o  c a r r y  
enough energy i n t o  the  i n t e r i o r  t o  produce t h e  t r a n s i t i o n ,  A s i m i l a r  
energy c o n s t r a i n t  l i m i t s  t h e  depth of a  mixed l a y e r  r e s u l t i n g  from 
Kelvin-Helmholtz i n s t a b i l i t y  t o  R i ,  o f  order  one a t  most. 
[ e )  Consider t h e  Reynolds number f o r  a layered model with l a y e r s  
of depth hl and i n t e r f a c e s  of th ickness  h2.  I f  t h e  changes of v e l o c i t y  
and dens i ty  across  t h e  l a y e r s  and i n t e r f a c e s  (Fig.9) a r e  UI , p, , 
and , then Reynolds numbers might be defined by Re,= h ~ u G  (layers.),  
Rr h~V,7$ ( i n t e r f a c e s )  whereas t h e  o v e r a l l  Reynolds number f o r  t h e  
combination is  
rL = [hit h,)(u,t u,)/L) 
For a  sharp i n t e r f a c e ,  0 (a ha/h * 0). 
I 
For a  broader i n t e r f a c e , R e ,  1% + 0 u1 /us* O) 
?S o Us 3 A t  some in termedia te  i n t e r f a c e  th i ckness ,  
Re,/% and xerIRe w i l l  be equal ,  with 
A value  TG/& (say) .  I n  gene ra l ,  e i t h e r  
?Ze , L Re, ( fo r  a  broad i n t e r f a c e )  o r  
\ h. Re, d Re, ( for  a  sharp  i n t e r f a c e ) .  \ I Now 
, \ v when both l a y e r s  and i n t e r f a c e s  have . e l >  
u, R i  =Ria  . ~ _ e  Fie , t h e  o v e r a l l  Richardson Fig .9  
number. We t h e r e f o r e  s e e  t h a t  s t rong  
dens i ty  g rad ien t s  may a d d i t i o n a l l y  suppress turbulence  by e s s e n t i a l l y  
reducing t h e  v e r t i c a l  length  s c a l e  of t h e  Reynolds number. 
3.  Processes leading  t o  pa tchiness  and l o c a l  s t e p s  
(a) I f  an i n t e r f a c e  a l r eady  e x i s t s ,  i n t roduc t ion  of shear  (for  
example, due t o  an i n t e r n a l  wave on t h e  i n t e r f a c e )  may induce shear  i n -  
s t a b i l i t y  and g ive  a  tu rbu len t  patch.  
(b) Resonant i n t e r a c t i o n s  may occur on an  i n t e r f a c e .  I f  a  f i rst  
mode wave t r a v e l s  on an i n t e r f a c e  of small but  f i n i t e  th ickness ,  with 
a  t h i r d  mode wave of appropr i a t e  
wave number i n  t h e  opposi te  d i -  
rec t ion ,  a second mode wave may 
be generated (see Fig. lO),  where 
t h e  d i s p e r s i o n  curves of t h e  
t h r e e  modes a r e  shown. The DOS- k 
s i b i l i t y  of  a  paral lelogram a s  Fig.  10 
shown i n d i c a t e s  
O, = w,+ w3 . k,= k,+  k3 and resonant i n t e r a c t i o n ) .  The second mode 
c o n s i s t s  of  a l t e r n a t e  thickening and th inning of t h e  i n t e r f a c e ,  The 
shear  due t o  t h e  f i r s t  mode causes a  breakup of t h e  bulges due t o  t h e  
second. The i n t e r f a c e  i s  most uns table  where it i s  t h i c k e s t ,  i n  son- 
t r a s t  t o  the  Kelvin-Helmholtz mechanism, which is  more e f f e c t i v e  t h e  
th inne r  t h e  i n t e r f a c e .  
(c) In  a continuously s t r a t i f i e d  f l u i d ,  i n t e r n a l  waves commonly 
e x i s t  i n  t h e  form of l e e  waves behind an o b s t a c l e  ( F i g a l l ) ,  
rn 
Fig.  11 
I f  t h e  amplitude of these  waves i s  very l a r g e ,  r o t o r s ,  i n  which over-  
turn ing  occurs ,  may form behind t h e  obs tac le .  I f  t h e  v e l o c i t y  in-  
ducing t h e  l e e  waves vanishes a t  a  he igh t  zo , a d d i t i o n a l  phenomena 
almost no waves 
- - -  mixing - - - - --. - 
Fig ,  1 2  
occur a t  t h i s  " c r i t i c a l  l e v e l t t .  Almost no waves e x i s t  above t h e  l e v e l ,  
where they have a  sharp cu t- of f ,  so t h a t  t h e  energy and momentum be- 
ing  c a r r i e d  upward by t h e  l e e  waves below must be t r a n s f e r r e d  t o  t h e  
mean flow i n  t h i s  very t h i n  l a y e r .  The r e s u l t  i s  t h a t  mixing occurs  
( a t  Least i n  t h e  l abora to ry ) .  
In  t h i s  connection, Bretherton (1969) showed t h a t  momentum 
put  i n t o  l e e  waves by drag over t h e  Welsh h i l l s  may be absorbed f a r  
above, where a s s o c i a t i o n  wi th  any p a r t i c u l a r  h i l l  has been l o s t ,  I n  
such eases ,  t h e  p o s s i b i l i t y  of resonant  i n t e r a c t i o n  prevents  s o l u t i o n  
of problems by superpos i t ion ,  and may a l s o  lead  t o  l o c a l  breakdown of 
t h e  flow i n  tu rbu len t  patches.  (McEwan, 197'1). 
I n  t h e  ocean, the  most vigorous events  occur nea r  t h e  su r face .  
However, a s  explained i n  l e c t u r e  4, s t r o n g  v e r t i c a l  d e n s i t y  g r a d i e n t s ,  
through t h e i r  c o r r e l a t i o n  with s t rong  v e l o c i t y  shea r ,  tend t o  be  l e s s  
s t a b l e ,  and i n  t h e  ocean they occur nea re r  t h e  su r face .  Hence, a s  a 
d is turbance  t r a v e l s  downwards, t h e  s e a  becomes more and more s t a b l e  
t o  i t .  This i s  r e f l e c t e d  i n  t h e  observed decrease i n  t h e  p ropor t ion  
of t u r b u l e n t  pa tchiness  downward through t h e  ocean. (The e f f e c t  should 
be heightened by t h e  i n a b i l i t y  of an increasfng propor t ion  of  t h e  d i s -  
2 turbance t o  t r a v e l  downward a s  N dec reases . )  
Throughout these  l e c t u r e s  we have ignored t h e  e f f e c t s  of r o t a -  
t i o n .  I f  t h e  motions have a s u f f i c i e n t l y  small time and l eng th  s c a l e ,  
t h i s  should not  be s i g n i f i c a n t .  I n  gene ra l ,  r o t a t i o n  may tend t o  ex- 
tend t h e  hor i zon ta l  length  s c a l e s  which occur,  
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ANALYTIC CONTINUATION OF STOKES' EXPANSION FOR GRAVITY WAVES 
(Abst rac t )  
Leonard W. Schwartz 
The inf in i tes imal- wave  expansion of  Stokes f o r  s t eady  p l ane  
p e r i o d i c  g r a v i t y  waves has  been extended t o  very  h igh  o r d e r  u s ing  t h e  
d i g i t a l  computer t o  perform t h e  a l g e b r a i c  manipulat ions.  Th i s  u se  o f  
t h e  computer t o  do a lgeb ra  is  i n  d i s t i n c t  c o n t r a s t  wi th  both  f i n i t e -  
d i f f e r e n c e  and s e r i e s - t r u n c a t i o n  methods i n  t h a t  it y i e l d s  informat ion  
about t h e  a n a l y t i c  s t r u c t u r e  o f  t h e  s o l u t i o n .  
Each c y c l e  of  t h e  f l u i d  r eg ion  i n  t h e  phys i ca l  o r  z-plane i s  
mapped i n t o  a  u n i t  annulus according t o  
where t h e  i n n e r  r a d i u s  ro may be i d e n t i f i e d  wi th  t h e  water  depth ,  and 
t h e  t ransformat ion  c o e f f i c i e n t s  a0 a r e  t o  be determined by s a t i s f y i n g  
t h e  dynamical boundary cond i t i on  on t h e  f r e e  s u r f a c e .  The c o e f f i c i e n t s  
a, a r e  each expanded i n  a power s e r i e s  i n  a  g loba l  parameter  € . I f  
we t a k e  E =: a l  we e s s e n t i a l l y  reproduce t h e  procedure of  Stokes (18801, 
who conjec tured  t h a t  t h e  convergence o f  t h e  r e s u l t i n g  s e r i e s  would ex- 
tend t o  t h e  h ighes t  wave o f  120° c r e s t  ang le ,  We show t h a t  t h i s  con- 
j e c t u r e  i s  i n c o r r e c t .  By examining t h e  behavior  o f  t h e  r a t i o  o f  power 
s e r i e s  c o e f f i c i e n t s  cnfcn-1 a s  n becomes l a r g e  we demonstrate  t h a t  
convergence i s  l i m i t e d  by a  square- root  branch-point  corresponding t o  
a  wave some t e n  pe rcen t  s h o r t  o f  t h e  maximum. This  r e s u l t ,  t h a t  a1 is 
n o t  a  monotonically i n c r e a s i n g  f u n c t i o n  of  t h e  wave h e i g h t ,  i s  indepen- 
dent  of  t h e  water  depth.  In  computing t h e  va r ious  power s e r i e s  i n  e 
t y p i c a l l y  we compute 50 t o  100 terms. 
By rep lac ing  Stokes1 parameter ap with h,  t h e  dimensionless  
peak- to- trough wave he igh t ,  we have obtained t h e  h ighes t  wave of t h e  
proper  c r e s t  angle .  A power s e r i e s  i n  h i s  obtained whose sum i s  pro- 
por t iona l  t o  t h e  r e c i p r o c a l  o f  t h e  c r e s t  vekoci ty ,  Since t h e  v e l o c i t y  
must be zero a t  t h e  sharp c r e s t ,  t h e  power s e r i e s  should have an i n -  
f i n i t y  a t  t h e  corresponding va lue  of h .  We have determined t h a t  t h i s  
i n f i n i t y  i s  a simple po le ,  pad6 approximants ( r a t i o n a l  f r a c t i o n s )  a r e  
known t o  r ep resen t  polar  s i n g u l a r i t i e s  e s p e c i a l l y  we l l ;  by r e c a s t i n g  
our s e r i e s  a s  a  sequence of  pad6 approximants we g e t  r a p i d l y  conver- 
gent es t imates  o f  t h e  maximum wave he igh t .  We compute t h i s  maximum 
c o r r e c t  t o  4 t o  5 p laces  f o r  values of D / L  [water depth/wave length)  
l a r g e r  than  . l o  These es t imates  a r e  i n  very c l o s e  agreement wi th  t h e  
highest-wave analyses  of Michell  and Havelock (extended t o  f i n i t e  
depth by Chappelear, 1959) i n  t h e  r eg ion  where t h e  l a t t e r  a r e  gene ra l ly  
considered t o  be v a l i d .  Moreover t h e  p resen t  method provides accura te  
r e s u l t s  f o r  va lues  of D/L a s  small a s  0.01, Even t h i s  l i m i t  i s  d ic-  
t a t e d  only by t h e  f i n i t e  word s i z e  o f  t h e  d i g i t a l  computer used and t h e  
domain of v a l i d i t y  i n  p r i n c i p l e  extends a s  f a r  a s  t h e  s o l i t a r y  wave 
where t h e  mapping (1) becomes degenerate,  
When D / L  i s  l e s s  than  0,15 another  square- root  branch-point 
appears which l i m i t s  convergence of  t h e  s e r i e s  i n  h t o  va lues  of  t h e  
Froude number l e s s  than  one (based on dep th ) ,  This  s i n g u l a r i t y ,  which 
corresponds t o  imaginary va lues  of  wave he igh t ,  may be mapped away 
with an Euler  t ransformat ion .  A l t e r n a t e l y  t h e  s o l u t i o n  may be continued 
p a s t  t h e  branch-point using pad6 approximants . The i r  domain of  eonver- 
gence i s  determined only by t h e  presence of  non-polar s i n g u l a r i t i e s  and 
i s  not  c i r c u l a r  a s  i s  t h e  Taylor s e r i e s .  
We have a l s o  determined t h a t  t h e  maximum s u r f a c e  i n c l i n a t i o n  in-  
c reases  monotonically with h ,  reaching t h e  va lue  T / 6  f o r  t h e  peaked 
wave. This r e s u l t  i s  complementary t o  t h e  e x i s t e n c e  proof o f  Kranovskii 
(1960) . 
The p resen t  work has t h e  fol lowing f e a t u r e s ,  F i r s t ,  v i r t u a l l y  
a l l  f r e e  s u r f a c e  waves may be  computed a s  members of  a  two-parameter 
family of  s o l u t i o n s .  Moreover, accura te  es t imates  of  domains of  conver- 
gence a r e  provided which may suggest mathematically r igorous  convergence 
proofs .  F i n a l l y ,  t h e  high accuracy of  t h e  wave p r o f i l e s  obtained may be  
use fu l  i n  c a l i b r a t i n g  f i n i t e - d i f f e r e n c e  methods such a s  t h e  marker-and- 
c e l l  technique. 
AXI-SYMMETRIC RECIRCULATING FLOWS AT HIGH REYNOLDS NUMBERS 
(Abstract)  
Jean-Yves Parlange 
The laminar s teady flow around an axi-symmetric o b j e c t  moving i n  
a  f l u i d  i s  examined i n  t h e  l i m i t  of a  high Reynolds number. The o b j e c t  
i s  assumed t o  be o b l a t e  r a t h e r  than p r o l a t e  i n  shape. The main f e a t u r e  
of  t h e  flow around such an ob jec t  i s  t h e  ex i s t ence  of a  r e c i r c u l a t i n g  wake, 
In  most of t h e  wake t h e  v o r t i c i t y  W i s  propor t ional  t o  t h e  d i s t a n c e  Y 
from t h e  a x i s ,  o r ,  
The cons tant  A i s  unknown a priori. I n  most of t h e  region  ou t s ide  t h e  
wake t h e  v o r t i c i t y  i s  zero.  Along t h e  su r face  of  con tac t  between t h e  wake 
and t h e  ou t s ide  region  t h e r e  i s  a  t h i n  boundary l a y e r  where t h e  v o r t i c i t y  
v a r i e s  r a p i d l y  from t h e  va lue  given by Eq . ( l )  t o  zero. A t  t h e  bottom of  
t h e  wake t h e  boundary l a y e r  s t r e t c h e s  along t h e  a x i s  and forms an addi-  
t i o n a l  t h i n  wake behind t h e  main one. 
To t h e  lowest order ,  i . e . ,  i n  t h e  l i m i t  o f  a  l a r g e  enough Reynolds 
number, t h e  boundary l a y e r  and t h e  t h i n  wake can be ignored, s i n c e  t h e  
energy d i s s i p a t e d  i n  these  t h i n  regions  i s  n e g l i g i b l e  compared with t h e  
energy d i s s i p a t e d  i n  t h e  wake. The energy furnished by t h e  ob jec t  moving 
a  cons tant  speed must be d i s s i p a t e d  by v i s c o s i t y  and t h e  r a t e  of d i s s i p a-  
t i o n  per  u n i t  volume i s  small s ince  t h e  Reynolds number i s  l a r g e .  This  
implies  t h a t  t h e  volume of t h e  o b j e c t  i s  small compared with t h e  volume 
of t h e  wake. The r o l e  of t h e  ob jec t  i s  p r imar i ly  t o  f u r n i s h  t h e  energy 
necessary t o  maintain t h e  s teady flow. In  determining t h e  shape o f  t h e  
wake and t h e  s t reaml ines  t h e  ob jec t  can then  be ignored.  
The problem is now reduced to finding the shape of the wake and 
the flow field when Eq.(l) is satisfied inside the wake and w = 0 out- 
side the wake. Along the surface of the wake the pressure must be con- 
tinuous as well as the velocity from Bernoulli's theorem. Finally the 
wake moves at a constant velocity in a medium at rest. The solution 
to this problem is remarkably simple: the wake must be a sphere, the 
flow inside the wake is a Hill's vortex, the flow outside the wake is 
the irrotational flow over a sphere. 
As an example consider a bubble rising in a liquid at rest, 
The bubble is so large that surface tension plays no role in determin- 
ing its shape. The bubble has a spherical cap shape, i.e, it has a 
spherical upper part and a flat lower part. The volume V of the bubble 
being given, the velocity U of the bubble and radius R of the wake have 
to be determined. From conservation of energy, viscous dissipation must 
equal the energy provided by buoyancy, or, 
~ O X L ) U ' R =  9 VU. (2)  
where -3 is the kinematic viscosity of the liquid and g is the acceler- 
ation of gravity. In addition, a constant pressure exists within the 
bubble and the dynamic forces along the front surface of the bubble must 
be balanced by gravity, or 
q u'= Y ~ R .  (3) 
Equations (2) and (3) complete the determination of the flow to the 
lowest order. 
LARGE-SCALE AIR-SEA COUPLING 
AS CAUSE OF SHORT-PERIOD CLIMATIC FLUCTUATIONS 
(Abstract) 
Jerome Nemias 
The purpose of this talk was to acquaint oceanographers with 
problems posed by phenomenological studies of large-scale and long- 
term atmosphere-ocean coupling. The solution of these problems may go 
far to make feasible forecasts of abnormal oceanic and atmospheric re- 
gimes which are observed over time periods ranging from a month upward. 
I n  t h e  l e c t u r e ,  examples were shown of anomalous regimes f o r  months, 
seasons,  years  and decades, 
The space s c a l e  of s e a  su r face  temperature (SST) dev ia t ions  
from normal was shown t o  be no t  f a r  d i f f e r e n t  from t h a t  of s u r f a c e  
o r  upper l e v e l  pressure  anomalies. The coupling i n  t h e  two media was 
r e l a t e d  t o  abnormal wind s t r e s s  and hea t  exchange. However, t h e  sug- 
g e s t i o n  from t h e  l a rge- sca le  p a t t e r n s  i n  s e a  and a i r  was t h a t  anomalous 
SST g rad ien t s  may feed back i n t o  t h e  over ly ing  atmosphere, thereby pro- 
ducing zones of increased b a r o c l i n i c i t y  which boost  t h e  i n t e n s i t y  of 
cyclones.  The vigorous cyclones then s t r eng then  t h e  SST c o n t r a s t .  We 
thus  a r e  f r equen t ly  confronted with p o s i t i v e  feedback o r  se l f- ampl i fy-  
ing  systems. 
The coherence of SST p a t t e r n s  i n  time was shown t o  be a t  l e a s t  
an order  of magnitude higher  than t h a t  i n  atmospheric p res su re  pa t-  
t e r n s ,  and it was pos tu la ted  t h a t  t h i s  d i f f e r e n c e  allows t h e  s e a  t o  
s e r v e  a s  a  "memory" f o r  t h e  atmosphere, The "memory" is  a t  t imes,  par-  
t i c u l a r l y  i n  summer, erased by non- representa t ive ,  very shallow t h e r -  
moclines. But a s  s torminess increases  i n  f a l l  and winter ,  t h e  anomalous 
water a t  depths of 100 t o  200 m may be mixed t o  t h e  s u r f a c e ,  again  t o  
impact the  atmosphere. 
Synoptic examples of these  a i r - s e a  i n t e r a c t i o n s  were shown f o r :  
1. The 1968-69 winter  when t h e  Aleut ian  Low and North P a c i f i c  High 
were d isp laced  f a r  south of normal, leading  t o  excep t iona l ly  heavy 
r a i n s  over c e n t r a l  and southern C a l i f o r n i a .  
2. A long wave trough i n  t h e  summer and f a l l  of  1965 which slowly 
migrated across  t h e  c e n t r a l  North P a c i f i c  u l t i m a t e l y  producing November 
r a i n s  i n  Southern Ca l i fo rn ia .  Here t h e  movement of t h e  trough and t h e  
thermal response of t h e  ocean were kept  " in  tune", 
3 .  The roughly decadal regimes of t h e  win te r s  o f  1948-57 and 
1958-69, -- t h e  former charac ter ized  by warm c e n t r a l  North P a c i f i c  
water and cold  U.S.Coasta1 water and t h e  l a t t e r  t h e  oppos i t e .  Through 
complex i n t e r n a l  dynamics i t  was shown t h a t  t h e s e  abbera t ions  were 
probably r e spons ib le  f o r  t h e  warm e a s t e r n  U,S. winters  of t h e  1950's  
and t h e  co ld  win te r s  o f  t h e  19601s ,  An abrupt  change i n  both  North 
P a c i f i c  SST p a t t e r n s  and U.S. temperature p a t t e r n s  took p l a c e  i n  t h e  
win te r  of  1971-72, poss ib ly  he ra ld ing  a r e t u r n  t o  a  U.S. tempera ture  
p a t t e r n  c h a r a c t e r i s t i c  of  t h e  1950 ' s .  
4.  F i n a l l y ,  some computations based on kinematics  and s t a t i s -  
t i c s  were d isp layed  t o  show t h a t  a t  t imes s imple advec t ion  of  water  
around t h e  North P a c i f i c  gyre  cap tu re s  t h e  evo lu t ion  o f  t h e  SST anom- 
a l y  p a t t e r n s  over  a  season (1971-72 win te r )  and t h a t  t h e  ove r ly ing  
atmospheric  p r e s s u r e  p a t t e r n  might have been a response.  
Perhaps a  new genera t ion  o f  we l l - t r a ined  meteoro logica l -  
oceanographers w i l l  develop a  more q u a n t i t a t i v e  d e t e r m i n i s t i c  model 
t o  p r e d i c t  long-term atmospheric and oceanic  v a r i a b l e s .  
OBSERVATIONS OF RAY LEIGH- B ~ N A R D  CONVECTION 
(Abs t rac t  ) 
John A.  Whitehead 
A review is given f i r s t  o f  t h e  experiments o f  Busse and White- 
head, which r epor t ed  t h e  fo l lowing  p r o p e r t i e s  o f  p l a n a r  c e l l u l a r  con- 
v e c t i o n  r o l l s :  
I f  t h e  Rayleigh number i s  above a  c e r t a i n  c r i t i c a l  va lue ,  t o  
be c a l l e d  R I ,  p e r f e c t l y  p l ana r  r o l l s  of  a  v a r i e t y  o f  wavelengths w i l l  
be s t a b l e  un le s s  a  c r i t i c a l  Rayleigh number, R I I ,  i s  exceeded. Above 
R I I ,  two s e t s  of  r o l l s  a t  r i g h t  ang le s  w i l l  b e  s t a b l e ,  hence fo r th  t o  
be c a l l e d  "bimodal f  lowtf. 
I have more r e c e n t l y  conducted a  s tudy  of t r a n s i t i o n  t o  t ime- 
dependent flow. The bimodal r o l l s  were observed t o  beg in  t o  o s c i l l a t e  
above a t h i r d  l i m i t i n g  Rayleigh number, R I I I B y  changing experimental  
f l u i d s ,  it was found t h a t  R I I I  was p ropor t iona l  t o  t h e  i n v e r s e  of t h e  
P rand t l  number, whi le  R I I  was independent  o f  P rand t l  number. 
Sca l ing  arguments a p p l i e d  t o  t h e  Navier Stokes equat ion  i n d i -  
c a t e  t h a t  d i s tu rbances  which go u n s t a b l e  independent ly o f  t h e  P r a n d t l  
number, l i k e  t h e  bimodal flow, r e c e i v e  t h e i r  energy from buoyancy 
f o r c e s ,  Likewise, i f  t h e  t r a n s i t i o n  i s  dependent upon P rand t l  number, 
l i k e  R I I I o  t h e  new flow b leeds  k i n e t i c  energy from t h e  o r i g i n a l  flow. 
A second s e r i e s  of  experiments was intended t o  exp lo re  t h e  r o l e  
o f  d i s t o r t i o n s  t o  t h e  p e r f e c t  p e r i o d i c  convect ion p a t t e r n s ,  I t  qu ick ly  
became c l e a r  t h a t ,  i n  t h e  Rayleigh number range R I c  R <  R I I ,  small  
"f lawst t  t o  t h e  p e r i o d i c  convect ion l a t t i c e  generated movements which 
would s t r o n g l y  decrease  R I I .  t h e  handwidth of p o s s i b l e  wavenumbers, s o  
t h a t  t h e  r o l l  approached a r e l a t i v e l y  unique wavelength. Comparison 
wi th  t h e  t h e o r e t i c a l  computations contained i n  Busse (1967) has  r e -  
vea led  t h a t  t h i s  wavelength was q u i t e  c l o s e  t o  t h a t  which possesses  
maximum k i n e t i c  energy bu t  was q u i t e  f a r  from o t h e r  maxima such a s  t h e  
h e a t  t r a n s p o r t  o r  v o r t i c i t y  maximum, I t  has  been documented t h a t  t h e s e  
flows t r a v e l  wi th  a v e l o c i t y  i n v e r s e l y  p ropor t iona l  t o  t h e  P rand t l  num- 
b e r ;  hence i t  appears  t o  be q u i t e  probable  t h a t  they  a l s o  a c q u i r e  t h e i r  
energy from k i n e t i c  energy of t h e  undisturbed f low,  
A t  l a r g e  Rayleigh number, a new flow p a t t e r n ,  which we c a l l  mul- 
t imodal  flow, develops a t  f laws ,  I t  seems l i k e l y  t h a t  t h e  obse rva t ions  
by Krishnamurti  o f  a t r a n s i t i o n  t o  time-dependent flow a t  R = 50,000 i n  
l a r g e  P rand t l  n m b e r  f l u i d  i s  connected wi th  o s c i l l a t i o n s  we have ob- 
served i n  t h e s e  new s t r u c t u r e s ,  
These r e s u l t s  sugges t  t h a t  an  ex t r ema l i z ing  procedure which max- 
imizes h e a t  f l u x  s u b j e c t  t o  a c o n s t r a i n t  involv ing  t h e  (LL*V*u.operator 
might have b e t t e r  agreement wi th  experiment than  t h e  p r e s e n t  upper 
bounding procedures ,  
TAYLOR COLUNNS 
(Abst rac t )  
Andrew P o  I n g e r s o l l  
The i n t e r a c t i o n  o f  h o r i z o n t a l  flow and bottom topography i n  a 
r a p i d l y  r o t a t i n g  f l u i d  may be descr ibed  i n  terms of  t h e  Rossby number 
E = (2 n L)" t h e  Ekman number E = ~ ( n  H')-' , t h e  h e i g h t  h of  
t h e  o b s t a c l e  r e l a t i v e  t o  t h e  depth  o f  t h e  f l u i d ,  and t h e  s t r a t i f i c a t i o n  
2 2 parameter B = N H (2 IA L ) - ~ ~  Here Y i s  a t y p i c a l  h o r i z o n t a l  v e l o c i t y ,  
n is the basic rotation rate, L and H are the horizontal and verti- 
cal length scales, respectively, $ is the kinematic viscosity of the 
fluid, and N is the ~runt-~$is%lg frequency, If the flow is incident 
on an isolated obstacle (e.g., a circular mountain attached to the 
lower boundary), the streamlines may be either open (terminating at 
infinity) or closed (confined to the region above the obstacle), The 
pattern of streamlines depends on the values of the non-dimensional 
parameters € , E, h, and B, and on the upstream flow condition. 
In the limit of rapid rotation with zero stratification 
(I>> E 1 >> E, B = 01, the flow is approximately 2-dimensional, with 
streamlines independent of the vertical coordinate. The inviscid limit 
is obtained by setting E = 0, but then the solutions are not unique in 
the steady state. That is, potential vorticity is conserved along 
streamlines, and is determined by the upstream flow condition except 
on closed streamlines. On closed streamlines, which occur whenever 
the non-dimensional height h of the obstacle exceeds 0 ( 6 ) , the poten- 
tial vorticity is arbitrary as long as the fluid is inviscid (E = 0). 
This arbitrariness may be removed by re-introducing viscosity such 
that (1 ,> E 2> E4) . Then the region of closed streamlines "spins down" 
due to Ekman layer suction, leading to stagnation everywhere inside 
the critical streamline. The critical streamline is then a free sur- 
face whose location is determined by the condition that both the normal 
and tangential components of velocity vanish on its boundary. This is 
the quasi-inviscid case treated by Ingersoll. 
Other interesting cases which have been studied by various people 
with varying degrees of success include 1) viscous flow (1 >> E',
E = B = 0) treated by Jacobs, 2) inviscid flow with stratification 
(1 >> E , E = 0, B ==: 1) treated by Hide and by Hogg, 3) flow on a 
,Q -plane and flow with upstream vorticity treated by Cottrell and In- 
gersoll. These cases may have relevance to flow around islands in the 
ocean, and to flow around Jupiter's Great Red Spot. 
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VORTEX RINGS, THERMALS AND TURBULENT INTERFACES 
(Abst rac t )  
Tony Maxworthy 
Although we a r e  u l t i m a t e l y  i n t e r e s t e d  i n  t h e  asymptot ic  s t a t e  
of  v o r t e x  r i n g s  produced a t  a  c i r c u l a r  o r i f i c e ,  a  b r i e f  review of t h e  
i n i t i a l  s t a g e s  is  appropr i a t e .  Turner ( p r i v a t e  communication) has  
shown t h a t  f o r  a  s l u g  of  f l u i d  o f  g iven  mass, momentum, energy and 
c i r c u l a t i o n  e j e c t e d  from an  o r i f i c e ,  one and on ly  one r e s u l t i n g  in -  
v i s c i d  r i n g  i s  poss ib l e .  The r i n g s  have a l l  t h e i r  v o r t i c i t y  concen- 
t r a t e d  i n t o  a  core  reg ion .  Experimental work by S u l l i v a n  and Widnall 
a t  M.I.T. ( p r i v a t e  communication) tends  t o  confirm p a r t  o f  t h i s  p i c-  
t u r e .  V o r t i e i t y  i s  mainly concent ra ted  i n  a  c o r e  bu t  t h e r e  is  evidence 
f o r  a  weak d i s t r i b u t i o n  of  v o r t i c i t y  throughout t h e  r e s t  of t h e  r e g i o n  
o f  moving f l u i d .  This  l a t t e r  p i c t u r e  i s  t h e r e f o r e ,  no t  i n  d i sag ree-  
ment with t h e  r e s u l t s  of t h e  p r e s e n t  au tho r  (J.F,M, 51 : l  (1972)) which 
- -
r equ i r ed  t h a t  t h e  d i f f u s i o n  of  t h e  d i s t r i b u t e d  v o r t i c i t y  be  t h e  mech- 
anism whereby o u t e r ,  s t a t i o n a r y  i r r o t a t i o n a l  f l u i d  becomes r o t a t i o n a l  
and i s  en t r a ined  i n t o  t h e  moving s i n g ,  
A l l  r i n g s ,  except  t h e  very  s m a l l e s t  ( i n i t i a l  Reynold's number, 
based on r i n g  d iameter ,  below 600) t hen  become u n s t a b l e .  Azimuthal 
waves form on t h e  core ,  t h e  wave number depending on t h e  s i z e  of  t h e  
c o r e  and t h e  v o r t i e i t y  d i s t r i b u t i o n .  An e l egan t  i n v i s c i d  theory  has  
been forwarded by S u l l i v a n  and WidnalP which seems t o  account  f o r  many 
of t h e  observed fea tu res  of  t h e  i n i t i a l  i n s t a b i l i t y .  The c o r e  d i s t o r -  
t i o n s  reach f i n i t e  amplitude and t h e  co re  becomes tu rbu len t ;  it then  
appears t o  r ega in  i t s  laminar form with only unsteady wave motions 
t r a v e l l i n g  azimuthal ly.  These wave motions i n  t u r n  induce a x i a l  flows 
wi th in  t h e  core.  However it does not  appear t o  go through any o t h e r  
i n s t a b i l i t i e s  even though i t  seems t o  be wi th in  t h e  i n s t a b i l i t y  bound- 
a r i e s  of  t h e  i n v i s c i d  theory.  The ou te r  regions of t h e  moving f l u i d  
appear t o  be tu rbu len t ,  
Extension of t h i s  a u t h o r ' s  entrainment ideas  t o  t h e  c a s e  of  a  
tu rbu len t  r i n g  p r e d i c t s  t h a t  t h e  r i n g  v e l o c i t y  ( V ) should vary  a s  
t-3/4 o r  x - ~  (where t and X a r e  elapsed time and d i s t a n c e  from t h e  
" v i r t u a l  o r ig in"  o f  t h e  motion).  Recent experiments suggest  t h a t  t h i s  
p i c t u r e  i s  c l o s e  t o  r e a l i t y  f o r  r i n g s  t h a t  have passed through t h e  in-  
s t a b i l i t y  phase. 
Further  extension t o  t h e  case i n  which buoyancy a c t s  t o  inc rease  
t h e  r i n g  impulse gives U--. to' f o r  both laminar and t u r b u l e n t  en- 
t rainment .  
The experimental r e s u l t s  f o r  t h i s  case  a r e  cons iderably  more 
complicated because they a l s o  depend c r i t i c a l l y  on t h e  d i f f u s i v i t y  of 
t h e  buoyancy-producing agent ,  I f  it d i f f u s e s  slower than  momentum 
( s a l t  r i n g  i n t o  water) then  a  t o r u s  of buoyant f l u i d  i s  formed which 
s t a y s  with t h e  r i n g .  I f  buoyancy d i f f u s e s  f a s t e r  than  momentum (a 
helium r i n g  i n t o  a i r )  then a l l  of t h e  buoyant f l u i d  is  l e f t  behind i n  
a  wake behind t h e  moving r i n g .  In  t h e  former case experiments have 
shown t h a t  t h e  r i n g  v e l o c i t y  decreases only very slowly over  t h e  length  
of t h e  tank and t h e  v a r i a t i o n s  p red ic t ed  f o r  t u r b u l e n t  r i n g s  a r e  hard 
t o  v e r i f y  o r  deny. 
Observations of t h e  d e t a i l s  of entrainment by t u r b u l e n t  i n t e r -  
faces  show t h a t  t h e  d i f f u s i o n  of v o r t i c i t y  i n t o  t h e  o u t e r  i r r o t a t i o n a l  
f l u i d  followed by re inges t ion  of t h i s  v o r t i c i t y  and new f l u i d  is  a  
p l a u s i b l e  mechanism f o r  expla in ing  t h e  observat ions .  
WATER MOVEMENT IN POROUS MEDIA: PART I 
(Abstract) 
Jean-Yves Parlange 
Solving the diffusion equation for variable diffusivity. 
As an example the method is applied explicitly to the one-dimensional 
diffusion equation, 
a @  a a @  . 
-= - [D (el =] a t  a t  
The diffusivity D is a given function of the water content 6 at a 
point z and a time t . To simplify the problem even further the 
following boundary conditions are taken, 
t 4 0; 9 = 0  ( 2 )  
For these boundary conditions a similarity solution exists with a re- 
duced variable $ , 
m =  3t-" (4 I 
Equation (1) becomes 
Integration of this equation between 6=O and 1 gives, 
This last equation indicates that the average order of (P is equal to [ D (d B / ~  #)I . The second term of Eq. (5) can be expanded and in 0 
particular yields the term (dD/d@) ( d ~ / d $ )  which is much larger 
than #I if 
For instance the diffusivity can be approximated in many cases by 
D -A exp Be with B -10 and inequality (7) holds since B>>l. In- 
equality (7) holds in general and to the lowest order Eq.(5) can be 
replace by 
Then 
This  express ion  can be used t o  e s t ima te  t h e  f i r s t  term i n  Eq.(5) and 
a l s o  t o  c o n s t r u c t  an  approximation t o  t h a t  equat ion  b e t t e r  than  Eq. (8) ,  
o r ,  
I 
. ~ K + & [ D / $ $ ] = O  (101 
This  equat ion  i s  e a s i l y  i n t e g r a t e d  and t h e  unknown cons t an t  h i s  
chosen t o  s a t i s f y  Eq. (6) o r ,  a l t o g e t h e r  
i i i d . i  fl D ~ Y  $ =  b[b4d6;j - x d p j ~ ( a l b a  6 ~ ~ d ~ ~ ' l I ~ ~ ) d ~  (1 1 )  
* o  b 0 A 
I t  i s  c l e a r  t h a t  an i t e r a t i v e  scheme can be s e t  up t o  y i e l d  even b e t t e r  
approximations.  I n  t h e  case  o f  D cons t an t  E q . ( l l )  becomes, 
=-"+- [L l f i ~ ] ' % \ n  [ ( ~ - B ) / B ]  (1 2)  
Table 1 compares t h i s  approximation wi th  t h e  exac t  s o l u t i o n ,  
which i s  t h e  well-known co- er ror  func t ion  when D i s  c o n s t a n t .  The 
agreement i s  f a i r l y  good even though E q . ( l l )  was de r ived  f o r  t h e  ca se  
of D vary ing  r a p i d l y  r a t h e r  than  cons t an t .  Hence when D does va ry  
r a p i d l y ,  E q . ( l l )  i s  always an e x c e l l e n t  approximation, e . g .  w i t h i n  1% 
o f  t h e  exac t  s o l u t i o n .  The method presented  h e r e  can be gene ra l i zed  
t o  mult idimensional  problems and f o r  gene ra l  boundary cond i t i ons .  
Table 1. Comparison o f  0-4 4 a s  g iven  by Eq. (12) f o r  D cons t an t  w i th  
t h e  exac t  s o l u t i o n .  
WATER MOVEMENT I N  POROUS MEDIA:  PART 11: GRAVITY DRIVEN INSTABILITY 
(Abst rac t )  
Jean-Yves Parlange 
The one-dimensional movement o f  water  i n  a porous medium obeys 
t h e  equat ion  
This  equat ion  d i f f e r s  from t h e  one considered i n  P a r t  I by t h e  a d d i t i o n  
of  t h e  term a ~ b  r ep re sen t ing  t h e  in f luence  of g r a v i t y .  The con- 
d u c t i v i t y  K i s  a  given func t ion  of t h e  water  conten t  e (no ta t ions  
a r e  a s  i n  P a r t  I ) .  The method developed i n  P a r t  I can be app l i ed  he re :  
A f i r s t  approximation i s  ob ta ined  by neg lec t ing  a @/at i n  Eq. (1) 
y i e l d i n g ,  
with t h e  boundary cond i t i ons  
t40; 8=0  
t2 0, z = Q ;  @=I* 
The unknown func t ion  C ( t )  i s  equal  t o  t h e  f l u x  o f  water  a t  t h e  s u r f a c e  
z = 0. C ( t )  i s  chosen s o  t h a t  t h e  o v e r a l l  conse rva t ion  equat ion ,  i . e .  
t h e  equat ion  obta ined  by i n t e g r a t i n g  z ( @ , t )  over  t h e  whole space,  be 
s a t i s f i e d  by z (  @ , t )  a s  g iven  by Eq.(2).  I t  i s  then  found t h a t  
- 
A t  any g iven  t ime t h e r e  e x i s t  two va lues  of  C .  One, approaching zero 
a s  t 4 oo , corresponds t o  t h e  c a p i l l a r y  r i s e  o f  wa te r .  The o t h e r ,  
approaching - K  a s  t --, - , corresponds t o  t h e  downwards i n f i l t r a -  1 
t i o n  o f  water .  (K1 i s  t h e  va lue  of  t h e  conduc t iv i ty  f o r  = 1 ) .  For 
t h i s  last  case  C ( t )  a l s o  s a t i s f i e s ,  a s  shown by Eq. (5 ) ,  
- c ( t ) 5  K, ( 6 )  
This i n e q u a l i t y  guarantees  t h a t  t h e  f r o n t  remains one-dimensional,  i , e .  
s t a b l e ,  a s  i t  moves downwards. I n s t a b i l i t y  can occur  only  i f  t h e  f r o n t  
is  slowed down by some o u t s i d e  agent  and t h e  f l u x  i s  l e s s  t han  K1. 
I n f i l t r a t i o n  experiments were conducted i n  t h e  l a b o r a t o r y  wi th  a  
l a y e r  o f  f i n e  sand covering a  l a y e r  of coa r se  sand.  For t h i s  s i t u a t i o n  
t h e  f l u x  o f  water i s  p r i m a r i l y  determined by t h e  p r o p e r t i e s  o f  t h e  f i n e  
sand. I t  i s  p o s s i b l e  then  t o  impose a f l u x  which i s  l e s s  t h a n  t h e  eon- 
d u c t i v i t y  a t  s a t u r a t i o n  i n  t h e  coa r se  sand (K1). The f r o n t  moving down- 
wards i n  t h e  coa r se  sand should  be  u n s t a b l e .  Experimental ly  it i s  found 
t h a t  water  moves from t h e  f i n e  t o  t h e  coa r se  sand only  a f t e r  t h e  l a y e r  
of f i n e  sand i s  s a t u r a t e d  w i t h  water .  A t  t h e  i n t e r f a c e  between t h e  
l aye r s ,  f i n e  g ra ins  of  sand a r e  packed between t h e  l a r g e  g r a i n s ,  form- 
ing  an i n t e r f a c e  almost impervious t o  water movement. Only a f t e r  t h e  
f i n e  l a y e r  i s  s a t u r a t e d  with water does t h e  water have enough of a  
p res su re  head t o  f o r c e  i t s  way through t h e  i n t e r f a c e  i n  any measurable 
amount. The movement i n  the  coarse  l aye r  i s  one-dimensional a t  f i r s t  
but  i r r e g u l a r i t i e s  develop. Eventually "f ingers" a r e  formed which 
c a r r y  a l l  t h e  water downwards. 
The f i n g e r s  have a  width which i s  determined by t h e  p r o p e r t i e s  
of t h e  coarse  sand. The f i n g e r s  move downwards a t  a  speed equal t o  K 1 ' 
This i n d i c a t e s  t h a t  t h e  sand i n  t h e  f i n g e r s  i s  e s s e n t i a l l y  s a t u r a t e d  
with water .  I t  i s  poss ib le  t o  f i x  t h e  p o s i t i o n  of  t h e  f i n g e r s  by c r e a t -  
ing  a r t i f i c i a l  imperfect ions a t  a  given po in t  of t h e  i n t e r f a c e .  In  gen- 
e r a l  t h e  water pass ing  through t h e  i n t e r f a c e  tends t o  d i s r u p t  it by 
c r e a t i n g  openings a t  t h e  weakest p o i n t s .  Eventual ly t h e  water moves 
mostly through those  openings, feeding t h e  f i n g e r s  underneath. 
The s i t u a t i o n  i s  s i m i l a r  t o  the  i n f i l t r a t i o n  o f  water  through a  
s l a b  o f  porous ma te r i a l  of f i n i t e  th i ckness ,  Once t h e  s l a b  i s  s a t u r a t e d  
with water any a d d i t i o n a l  water d r i p s  out  of t h e  s l a b  a t  po in t s  where 
imperfect ions a r e  p resen t .  When coarse  sand is  added underneath t h e  s l a b ,  
drops cannot form s i n c e  t h e  water i s  absorbed immediately by t h e  coarse  
sand and a s  a  r e s u l t  f inge r s  a r e  formed. 
EXPERIMENTS ON DOUBLY DIFFUSIVE CONVECTION 
(Abstract)  
William R .  Lindberg 
Prel iminary r e s u l t s  of an  experiment* i n  doubly d i f f u s i v e  con- 
vect ion  a r e  presented .  The experiment employs a  volume of water 
bounded by porous hor i zon ta l  boundaries and i n s u l a t e d  v e r t i c a l  s ide-  
wal ls .  The two d i f f u s i n g  spec ies  which c o n t r i b u t e  t o  t h e  i n t e r n a l  
dens i ty  gradient  (one g rad ien t  i s  s t a b i l i z i n g  and t h e  o t h e r  d e s t a b i l i z -  
ing)  a r e  maintained by d i f f u s i o n  across  t h e  membranes from cons tant  
p r o p e r t y  r e s e r v o i r s  i n t o  t h e  convect ing system, I n  t h e  p re sen t  expe r i -  
ment, t h e  s t a b i l i z i n g  spec i e s  ( s a l t )  has  a  mueh sma l l e r  molecular d i f -  
f u s i v i t y  than  t h e  d e s t a b i l i z i n g  g r a d i e n t  ( temperature) .  
"Quasi-steady s t a t e "  l a y e r s  ( reg ions  of  l a r g e  d e n s i t y  g r a d i e n t s  
s e p a r a t e d  by r eg ions  of  small  d e n s i t y  g r a d i e n t s )  a r e  found t o  e x i s t  f o r  
s u f f i c i e n t l y  h igh  s t a b i l i t y  numbers (PC A c/@, D T  ) and thermal  Ray- 
l e i g h  numbers ( CJ & A T  L3/, K ) Experiments have been performed wi th  
t h e  l aye red  s t r u c t u r e  remaining e s s e n t i a l l y  s t a t i o n a r y  f o r  pe r iods  up 
t o  f o u r  weeks. 
To d a t e ,  t h i c k  l a y e r s  have been t h e  most c a r e f u l l y  s t u d i e d .  
These l a y e r s  a r e  cha rac t e r i zed  by a  c e n t r a l  non-convecting r e g i o n  bor-  
dered  by boundary l a y e r s  which a r e  convect ing i n t o  deep r eg ions  of essen-  
t i a l l y  cons t an t  mean d e n s i t y .  The l aye red  r eg ions  e x h i b i t  t ank  s e f c h e  
and i n t e r n a l  wave motions along wi th  apparent  t u r b u l e n t  f l u c t u a t i o n s  
which a r e  i n t e r m i t t e n t  i n  c h a r a c t e r ,  Transpor t  ( f l ux )  e s t ima te s  a e r o s s  
t h e  layered  r eg ions  show genera l  agreement wi th  t h o s e  of Turner (1965), 
whi le  t h e  f l u x e s  i n  t h e  convect ing r e g i o n  (bounded by t h e  conduct ion 
l a y e r s )  appear t o  i n c r e a s e  wi th  thermal Rayleigh number and dec rease  
wi th  s t a b i l i t y  number, I n s u f f i c i e n t  measurements o f  t r a n s p o r t  have y e t  
been made t o  compare wi th  some t h e o r e t i c a l  arguments of  Lindberg (1971) 
and Huppert (19721, a l though t h e  n o t - s u r p r f s i n g  p red ic t ed  t r e n d s  a r e  ob- 
served .  Some v e r i f i c a t i o n  of  Hupper t l s  (1971) a n a l y s i s  of  l a y e r  s t a b i l -  
i t y  was noted,  however. 
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TRACER DISTRIBUTION IN THE ABYSS 
(Abstract) 
George Veronis 
In an earlier paper (Kuo and Veronis, Deep-Sea Res. 1970) 
Stomel's abyssal circulation model was used to determine the velocity 
field for the abyssal World Ocean, given a uniform upwelling through 
a level surface at 2 km depth and equal sources in the polar regions 
of the North and South Atlantic. This velocity distribution was then 
used as a known field in the adveetive-diffusive-decay equation for 
oxygen and 14c to determine the distribution of the tracer whose values 
are given in the source regions. The calculation was restricted to 
small values of the Peclet number beeause the numerical relaxation 
method broke down for larger values. A non-centered, weighted differ- 
ence scheme was used to circumvent the problem of numerical instability 
so that results could be obtained for all realistic values of the Peclet 
number. The results of the calculation indicate that a best choice of 
parameters (i.e., that choice that gives best agreement with the ob- 
served distribution of dissolved oxygen) is: 
7 2 horizontal mixing coefficient = 6x10 cm sec-l, 
vertical upwelling = 1.5x10-~ cm sec'l, 
oxygen consumption = 2x10-3 ml 1-I yr-l, 
7 3 Antarctic recirculation transport = 35x10 m seem1. 
CONVECTION AT THE MELTING POINT: 
A THERMAL HISTORY OF THE EARTH'S CORE 
(Abstract) 
Willem V.R. Malkus 
Higgins and Kennedy (1971) concluded that the Earth's fluid core 
has a stable stratification if it is at its melting point. Busse (1972) 
and Elsasser suggested as an alternative that a hydrostatic-isentropic 
distribution of particulate solid can produce neutral stability in a 
partially molten core. Here this suggestion is quantified and a deter- 
mination is made of the efficiency of the production of fluid motion 
from t h e  hea t  f l u x .  This i s  used t o  e s t a b l i s h  t h a t  macroscopic con- 
vec t ion  can e x i s t  only i f  t h e  p a r t i c u l a t e  s o l i d  i s  of s u f f i c i e n t l y  
small s i z e .  A thermal h i s t o r y  of  t h e  core  compatible with upper man- 
t l e  hea t  f l u x  i s  advanced i n  which it i s  suggested t h a t  t h e  inner  
co re  i s  a f a i r l y  r ecen t  f e a t u r e .  The impl i ca t ion  of t h e s e  r e s u l t s  
f o r  convection-driven and precession-driven dynamos i s  t h a t  both can 
funct ion  f o r  a  small enough suspended p a r t i c u l a t e ,  t h a t  t h e  convection- 
dynamo w i l l  f a i l  f o r  p a r t i c l e s  g r e a t e r  than one micron i n  diameter,  
and t h a t  t h e  precession-driven dynamo probably can not  su rv ive  p a r t i -  
c l e s  g r e a t e r  than  t e n  microns i n  diameter .  Various a l t e r n a t i v e s  t o  
these  conclusions a r e  d iscussed .  Each a l t e r n a t i v e  r e q u i r e s  t h a t  t h e  
premise of  an inner- core co re- f lu id  i n t e r f a c e  a t  t h e  melt ing poin t  be 
abandoned. 
LABORATORY OBSERVATIONS OF SHEAR INSTABILITY AND 
TRANSITION TO TURBULENCE IN A STRATIFIED FLUID 
(Abstract)  
Frederick K .  Browand 
Cer t a in ly  shear ing  motions a r e  an important source of turbulence  
i n  t h e  atmosphere and oceans. Both turbulence  production and t h e  s t r u c -  
t u r e  of t h e  r e s u l t i n g  turbulence  a r e  s t rong ly  a f f e c t e d  by t h e  presence 
of s t a b l e  s t r a t i f i c a t i o n .  What fol lows i s  an  a t tempt  t o  understand t h e  
e f f e c t  of s t a b l e  s t r a t i f i c a t i o n  upon t h e  i n s t a b i l i t y  of  a  simple, un- 
bounded shea r  l aye r .  The geometry i s  sketched below. Two laminar,  hor-  
i z o n t a l  s t reams having d i f f e r e n t  v e l o c i t i e s  and s a l i n i t i e s  a r e  merged 
downstream of a  s p l i t t e r  p l a t e .  Reynolds numbers based upon shear  l a y e r  
th ickness ,  h ,  a r e  40-300. I 
Since t h e  d i f f u s i o n  r a t e  Rv; , 
of  s a l t  is  much smal ler  
than t h e  r a t e  of momentum 
d i f fus ion ,  t h e  r a t i o  of 
th ickness ,  h/6j i s  i n i -  s c r e e  l
t i a l l y  about 16 ,  
A t  h igher  Richardson numbers, t h e  phase locking i s  no longer p o s s i b l e .  
The two waves a t  t h e  boundaries of  t h e  shear  l a y e r  now t r a v e l  i n  oppo- 
Such a flow i s  observed t o  be uns table  f o r  a  wide range of Rey- 
A h 
nolds numbers and Richardson numbers (7' = 9 ) . Theore t i ca l ly ,  
Holmboe (1962) considered t h e  case  h/J + oo , Re + oo , and approx- 
imated t h e  shear  l a y e r  a s  a  region  of  cons tant  v o r t i c i t y ,  He showed 
t h a t  two d i s t i n c t l y  d i f f e r e n t  modes 
of i n s t a b i l i t y  a r e  poss ib le .  One 
' ! !  3J 
.+ 
mode i s  s i m i l a r  t o  t h e  i n s t a b i l i t y  
occurr ing  i n  t h e  absence of a  den- \t. 
s i t y  d i f f e rence ,  and could be 
c a l l e d  t h e  Rayleigh wave. The Ray- 








t h e  i n t e r f a c e  i s  added. However, a 
second mode i s  a c t u a l l y  d e s t a b i l i z e d  by t h e  presence of t h e  i n t e r f a c e ,  a s  
described by Holmboe, and might be c a l l e d  t h e  Holmboe wave. A s  a  r e -  
s u l t  of t h e i r  d i f f e r e n t  dynamical o r i g i n s ,  t h e  two waves break d i f f e r -  
en t ly .  Rayleigh waves break by r o l l i n g  up and concent ra te  t h e  shear  
l a y e r  v o r t i c i t y  i n t o  d i s c r e t e  lumps along t h e  i n t e r f a c e .  Holmboe waves 
do not  r o l l  up but  r a t h e r  become sha rp ly  peaked a t  t h e  c r e s t s .  I n  
breaking,  f l u i d  i s  t o r n  away a t  t h e  c r e s t s  s i m i l a r  t o  t h e  breaking of a  
su r face  wave i n  deep water .  The reason f o r  t h e  d i f f e r e n c e  can be ex- 
plained by al lowing t h e  uns tab le  wave t o  be t h e  supe rpos i t ion  of t h r e e  
d is turbances  -- two r i d i n g  along t h e  boundaries of t h e  cons tan t  vor- 
t i c i t y  region ,  and one r i d i n g  t h e  i n t e r f a c e .  A t  s u f f i c i e n t l y  low Rich- 
ardson number, t h e  t h r e e  waves can lock i n  phase, which al lows t h e  grow- 
ing  d is turbance  t o  pinch o f f  lumps of  v o r t i c i t y  (Rayleigh wave). 
s i t e  d i r e c t i o n s  and t h e  i n t e r f a c e  performs a  s t and ing  o s c i l l a t i o n  o f  





The breaking o f  Rayleigh o r  Holmboe waves produces an  i r r e g u l a r  
flow wi th  sma l l e r  s c a l e s  of motion. When t h e  i n i t i a l  Richardson number 
i s  low & cs .02 t h e  fo l lowing  events  a r e  seen  t o  occur  i n  t h e  develop- 
i n g  shea r  l a y e r .  
1. Rayleigh waves grow and pinch o f f  lumps of  v o r t i c i t y .  Small 
s c a l e  turbulence  is  produced w i t h i n  t h e  lumps -- probably due 
t o  over turn ing .  
2 .  Adjacent v o r t i c a l  lumps combine t o  form l a r g e r  v o r t i c a l  lumps 
wi th  twice  t h e  o r i g i n a l  spac ing .  
3 .  V o r t i c a l  lumps can  no longer  p a i r ,  and t h e  v o r t f c i t y  w i t h i n  t h e  
lumps i s  r e d i s t r i b u t e d  along t h e  i n t e r f a c e .  The c o l l a p s e  gen- 
e r a t e s  Holmboe waves which grow f o r  a  t ime.  
4 .  Eventual ly t h e  Holmboe waves decay a s  does t h e  r e s i d u a l  small  
s c a l e  turbulence ,  and t h e  shea r  l a y e r  approaches a  laminar  
flow. 
This  i s  i n  marked c o n t r a s t  t o  t h e  homogeneous c a s e  i n  which ad- 
jacent  v o r t i c a l  lumps cont inue  t o  p a i r  t o  provide  t h e  mechanism of  
growth f o r  t h e  shea r  l a y e r  ( C . D .  Winant, Ph.D. Thes i s ,  USC). One would 
conclude t h a t  any d e n s i t y  d i f f e r e n c e ,  however s l i g h t ,  i s  s u f f i c i e n t  t o  
even tua l ly  des t roy  t h e  t u r b u l e n t  shea r  flow and b r i n g  a r e t u r n  t o  t h e  
laminar s t a t e .  This s e l f - d e s t r u c t i o n  might exp la in  t h e  s t r o n g l y  i n t e r -  
m i t t a n t  c h a r a c t e r  of t u rbu lence  product ion  observed i n  t h e  oceans and 
atmosphere. 
NONLINEAR INSTABILITY OF PLANE POISEUILLE FLOW 
(Abstract)  
Edward A.  Spiegel  
We expand t h e  equat ions  desc r ib ing  p l ane  P o i s e u i l l e  flow i n  
Four ie r  s e r i e s  i n  t h e  coord ina tes  i n  t h e  p lane  p a r a l l e l  t o  bounding 
wa l l s .  These r e s u l t s  an  i n f i n i t e  system of equat ions  f o r  t h e  ampli- 
tudes which a r e  func t ions  of  t ime and of  t h e  c rosss t ream coord ina t e .  
This  system i s  d r a s t i c a l l y  t runca ted  and t h e  r e s u l t i n g  s e t  of equa- 
t i o n s  a r e  so lved  a c c u r a t e l y  by a  f i n i t e  d i f f e r e n c e  method. Three 
t runca t ions  a r e  considered:  ( I )  a  s i n g l e  mode wi th  on ly  dependence 
on t h e  downstream coord ina t e  and time, (11) t h e  mode o f  I p l u s  i t s  
f i r s t  over tone ,  (111) a  s i n g l e  three-dimensional  mode. For a l l  t h r e e  
cases ,  f o r  a v a r i e t y  of  i n i t i a l  cond i t i ons ,  t h e  s o l u t i o n s  eva lue  t o  a  
s t eady  s t a t e  a s  seen  i n  a p a r t i c u l a r  moving frame o f  r e f e r e n c e .  No 
runaways a r e  encountered. 
For Reynolds numbers below a c r i t i c a l  va lue  (2707 i n  c a s e  11) 
any i n i t i a l  d i s tu rbance  t o  t h e  p a r a b o l i c  p r o f i l e  d i e s  away. For Rey- 
nolds  numbers (R) and d i s tu rbance  wavenumbers (oC ) f o r  which l i n e a r  
theory  p r e d i c t s  i n s t a b i l i t y ,  an i n i t i a l  d i s tu rbance  of any ampli tude 
goes t o  a  p a r t i c u l a r ,  s teady ,  f i n i t e- ampl i tude  s o l u t i o n ,  For R g r e a t e r  
than  t h e  c r i t i c a l  va lue  mentioned above, b u t  o u t s i d e  t h e  l i n e a r  i n-  
s t a b i l i t y  r eg ion ,  " s u b c r i t i c a l  i n s t a b i l i t y "  occurs  f o r  wavenumbers i n  
a given band. That i s ,  i f  t h e  i n i t i a l  d i s tu rbance  t o  t h e  p a r a b o l i c  pro-  
f i l e  has an  energy (E) above a  c r i t f c a l  va lue ,  a  s t e a d y  f i n i t e - a m p l i -  
tude  s o l u t i o n  i s  achieved a s  i n  t h e  uns t ab le  ca se .  There i s  a l s o  a  
second f i n i t e - a m p l i t u d e  s t eady  s o l u t i o n  wi th  E equal  t o  t h e  c r i t i c a l  
va lue .  This  i s  t h e  s u b c r i t i c a l  s o l u t i o n  d i scussed  by s e v e r a l  o t h e r s  
and it i s  always u n s t a b l e .  
The l o c a t i o n  o f  t h e s e  s t eady  f i n i t e - a m p l i t u d e  s o l u t i o n s  i n  
R - d - E  space  i s  mapped ou t  and t h e i r  p r o p e r t i e s  a r e  o u t l i n e d .  The 
connect ion of t h e s e  s o l u t i o n s  t o  p rev ious ly  d i scussed  ones i s  b r i e f l y  
i nd ica t ed  and t h e  ques t ion  of t h e  r e l evance  of them t o  t h e  develop-  
ment of observed i n s t a b i l i t i e s  i s  broached, 
THERMOCLINE MICROSTRUCTURE: FIELQ MEASUREMENTS IN A 
FRESH WATER RESERVOIR 
(Abstract)  
Frederick K .  Browand 
Measurements o f  v e r t i c a l  thermal s t r u c t u r e  i n  a  f r e s h  water  
r e s e r v o i r  have been made over  a  one-year pe r iod .  The r e s e r v o i r ,  near  
Los Angeles,  i s  approximately 1% miles  i n  l eng th ,  600-1000 f e e t  i n  
width, w i th  water  depths between 100-200 f e e t .  The thermocline has 
a  temperature d i f f e r e n c e  o f  a s  much a s  15OC dur ing  t h e  summer months. 
The g ros s  s t r u c t u r e  of  t h e  thermocline v a r i e s  w i th  t h e  season,  and 
f o u r  q u i t e  d i s t i n c t  shapes can be i d e n t i f i e d .  F a l l  and s p r i n g  t h e r -  
mocline shapes a r e  s i m i l a r ,  with a  well-mixed s u r f a c e  l a y e r  and a  
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r e l a t i v e l y  sha rp  thermocline.  The well-mixed l a y e r  i s  mueh deeper i n  
t h e  f a l l ,  however. In  t h e  summer, t h e  sha rp  thermocline is  rep laced  by 
a  much broader  r eg ion  of  nea r ly  l i n e a r  temperature v a r i a t i o n .  In  t h e  
win te r  on ly  a  very  small temperature d i f f e r e n c e  e x i s t s  (=  . ~ O C )  and 
t h e  p r o f i l e  i s  nea r ly  l i n e a r  over t h e  e n t i r e  water  mass. 
A r i c h  rn ic ros t rue ture ,  s i m i l a r  t o  t h e  s h e e t s  and s t e p s  observed 
i n  t h e  ocean, develops i n  t h e  s p r i n g  and remains u n t i l  w in t e r .  I t  can  
be concluded t h a t  double d i f f u s i o n ,  t i d a l  motions, and s i g n i f i c a n t  s u r -  
f a c e  wave a c t i v i t y ,  a l l  absent  i n  t h e  r e s e r v o i r ,  a r e  no t  e s s e n t i a l  t o  
t h e  formation of  t h i s  t y p i c a l  s h e e t  and s t e p  s t r u c t u r e .  Also, t h e  
s c a l e s  observed i n  t h e  summer a r e  no t  much d i f f e r e n t  from those  observed 
by Woods i n  t h e  Mediterranean, wi th  s h e e t s  of  o rde r  10-20 cm and s t e p s  
o f  o r d e r  1 . 0  meter predominating. There i s  evidence t h a t  s h e e t  and s t e p  
s i z e s  do s c a l e  a t  l e a s t  roughly wi th  t h e  thermocline t h i c k n e s s ,  whish 
i s  sma l l e r  i n  s p r i n g  and f a l l .  Sheets  of  10-20 cm th i ckness  a r e  ob- 
served  t o  have l i f e  t imes of  a t  l e a s t  s eve ra l  hours .  The appearance and 
d isappearance  of  shee t s  has  been noted,  bu t  is  no t  y e t  understood.  In-  
t e r n a l  wave motions have been measured wi th  peak-to-peak ampl i tudes  of 
10-20 cm i n  t h e  s m e r  and approaching one meter i n  t h e  f a l l .  The spora-  
d i c  i n t e r n a l  wave a c t i v i t y  appears  grouped i n t o  two frequency bands --  
one band cen te red  around one cyc le  p e r  hour, and one wi th  f r equenc ie s  
of  t h r e e  t o  s i x  cyc l e s  p e r  hour.  These f requencies  a r e  i n  q u a l i t a t i v e  
agreement wi th  t h e  lowest l o n g i t u d i n a l  and l a t e r a l  i n t e r f a c i a l  s l o s h-  
ing  modes f o r  t h e  r e s e r v o i r .  
SHEAR FLOW INDUCED BY A MOVING HEAT SOURCE: 
A MODEL OF VENUS' 4-DAY CIRCULATION 
(Abst rac t )  
E ,  John Hinch 
The flow induced by a p e r i o d i c  moving h e a t  sou rce  i s  s t u d i e d ,  
w i th  p a r t i c u l a r  i n t e r e s t  i n  t h e  r e c t i f i e d  component c r e a t e d  by t h e  
propagat ing  wave, This  i s  Schubert and Whitehead's dynamical model o f  
Venus' 4-day atmospheric c i r c u l a t i o n .  
Two b a s i c  problems t o  be answered a r e  t h e  d i r e c t i o n  of  t h e  mean 
flow (oppos i te  t o  t h e  thermal wave f o r  Venus) and i t s  magnitude (30 
t imes t h e  wave speed f o r  Venus), How do t h e  v e r t i c a l  buoyancy f o r c e s  
gene ra t e  h o r i z o n t a l  momentum? How can  t h e  f l u i d  move so  much f a s t e r  
t han  i t s  fo rc ing?  
The d i r e c t i o n  of  t h e  mean flow can be determined and understood 
from t h e  l i n e a r i z e d  ana lyses ,  The key t o  t h e  phys i c s  i s  t h e  tilt i n  
t h e  convect ion c e l l s ,  The tilt  r e f l e c t s  t h e  f i n i t e  speed o f  which t h e  
informat ion  t h a t  t h e  thermal wave i s  no t  s t a t i o n a r y  can t r a v e l  away 
from t h e  f i x e d  boundaries .  The d e t a i l s  of  t h e  format ion  o f  t h e  t i l t  
-
due t o  thermal d i f f u s i o n ,  v o r t i c i t y  d i f f u s i o n  and boundary l a y e r  
pumping were presented .  For t h e  Venus model wi th  a  h e a t  f l u x  a t  t h e  
upper boundary, t h e  d i r e c t i o n  impl ies  t h a t  t h e  f l u i d  motion p e n e t r a t e s  
t o  t h e  bottom r i g i d  boundary and t h a t  t h e  thermal t i l t i n g  i s  sma l l ,  
Although t h e  f l u c t u a t i n g  v e l o c i t i e s  may be  small  compared wi th  
t h e  wave, t h e  mean flow can be l a r g e r .  The small  Reynolds s t r e s s  must 
ba lance  a  shea r  s t r e s s :  when t h e  v i s c o s i t y  i s  smal l  enough, t h e  mean 
shea r  r a t e  becomes compensatingly l a r g e ,  Because t h e  mean f low can be 
l a r g e  when t h e  f l u c t u a t i o n s  a r e  sma l l ,  t h e  nonl inear  mean f i e l d  equa- 
t i o n s  a r e  an appropr i a t e  asymptot ic  system t o  cons ide r ,  
F i n a l l y  a  problem was solved wi th  a  p e r i o d i c  moving h e a t  f l u x  
a t  an  upper r i g i d - s l i p p e r y  boundary, wi th  small  v i s c o s i t y  and small 
thermal t i l t i n g ,  us ing  t h e  mean f i e l d  equat ions .  The problem could be 
reduced t o  a  t h i r d  o r d e r  nonl inear  ord inary  d i f f e r e n t i a l  equat ion  i n  
t h e  mean flow wi th  a  s i n g l e  parameter which could be r e l a t e d  t o  t h e  ex- 
t e r n a l  parameter group through va r ious  i n t e g r a t i o n s  o f  t h e  mean flow 
i t s e l f .  The asymptot ic  s o l u t i o n  f o r  s t r o n g  s t reaming was g iven ,  The 
answer e x h i b i t s  Malkus' doppler  s h i f t  r educ t ion .  
Applying t h e  r e s u l t s  t o  Venus g ives  a  f a i r  p r e d i c t i o n  o f  t h e  
temperature f l u c t u a t i o n s  and t h e  mean flow. The mean f i e l d  l i n e a r i z a -  
t i o n  was no t  however a p p l i c a b l e .  There must a l s o  be some doubts  about  
t h e  neg lec t  of s t r a t i f i c a t i o n  and t h e  e x i s t e n c e  of  a  convenient  r i g i d  
lower su r f ace .  
CHEMICAL OSCILLATIONS, DIFFUSION AND SPONTANEOUS PATTERN FORMATION 
(Abst rac t )  
Louis N .  Howard and Nancy J .  Kopell 
Spontaneously forming s p a t i a l  p a t t e r n s  such a s  sa l t  l a y e r s  and 
~ & a r d  c e l l s  a r e  well-known phenomena of  hydrodynamics, A chemical os-  
c i l l a t o r ,  discovered by Belousov ( I ) ,  p rovides  a s impler  example i n  
which d i f f u s i v e  e f f e c t s  combine wi th  n o n l i n e a r i t i e s  t o  cause  t h e  fsrma- 
t i o n  of  r e g u l a r  s p a t i a l  inhomogenei t ies ,  The inhomogenei t ies  a r e  s een  
a s  p a t t e r n s  of  b lue  and pu rp le  when t h e  a p p r o p r i a t e  i n d i c a t o r  i s  added, 
I f  a  t h i n  l a y e r  (about 2 ml) of  f l u i d  i s  mixed up and allowed 
t o  s tand undisturbed,  round t a r g e t  p a t t e r n s  of  evenly-spaced b lue  and 
purple  r i n g s  appear i n  t h e  f l u i d .  The r i n g s  propagate outward, The 
spacing and propagation speed a r e  uniform wi th in  each p a t t e r n ,  bu t  vary 
from p a t t e r n  t o  p a t t e r n .  A t  each po in t  i n  t h e  f l u i d  t h e r e  i s  a  temporal 
o s c i l l a t i o n ,  t h e  frequency being uniform wi th in  each p a t t e r n ,  and h igher  
than  i n  t h e  surrounding u n d i f f e r e n t i a t e d  f l u i d .  Some of  t h e s e  f e a t u r e s  
were described by Zaiken and Zhabotinsky ( 2 ) .  
I t  i s  our hypothesis  t h a t  t h e  observed f e a t u r e s  of t h e  p a t t e r n s  
can be der ived  a s  consequences of  equations desc r ib ing  t h e  i n t e r a c t i o n  
o f  t h e  chemical k i n e t i c s  and d i f f u s i o n .  Despite  d e t a i l e d  work by chem- 
is t s  (e.g.  ( 3 ) ) ,  t h e  k i n e t i c  equations of t h i s  very  complicated system 
a r e  not  known ( i n  enough d e t a i l  t o  be usable] .  Our method i s  t o  show 
t h a t  t h e  p a t t e r n s  can be formed whenever t h e  k i n e t i c  equations belong 
t o  a  l a r g e  c l a s s  of  systems having some simple mathematical p r o p e r t i e s ,  
and t o  look f o r  experimental corrobora t ion  of t h e s e  p r o p e r t i e s .  We 
a l s o  attempt t o  check experimental ly t h e  q u a l i t a t i v e  p r e d i c t i o n s  of t h e  
o v e r a l l  equat ions of  k i n e t i c s  p lus  d i f f u s i o n .  For convenience, we assume 
t h a t  t h e  d i f f u s i o n  cons tants  a r e  a l l  t h e  same; we t h i n k  t h a t  t h e  d i f f e r -  
ences among d i f f u s i o n  r a t e s  i s  not  an  important mechanism f o r  t h e  phenom- 
enon we a r e  s tudying,  
Very b r i e f l y ,  t h e  mathematical assumptions a r e  a s  fol lows:  We 
study a  reduced system of k i n e t i c  equations which d e a l s  only wi th  t h e  
small number of  r a p i d l y  varying concent ra t ions  and f i x e s  t h e  r e s t ,  poss i -  
b l y  a t  non-equilibrium values .  We ignore  t h e  slow d r i f t  of  those  va lues  
toward t h e i r  s t a b l e  equi l ibr ium.  We r e q u i r e  f i r s t ,  t h a t  t h e  reduced 
sys  tem 
have an uns tab le  equi l ibr ium po in t  a t  which t h e  l i n e a r i z a t i o n  has a  p a i r  
of  complex-conjugate eigenvalues wi th  p o s i t i v e  r e a l  p a r t ,  I t  can then be 
shown by t h e  Hopf b i f u r c a t i o n  theorem, t h a t  t h e  equations 
Yk= F ( T ~ , v ~ ?  ( k t h e  d i f f u s i o n  cons tant )  
have a  one-parameter family of  pe r iod ic  s o l u t i o n s  of t h e  form 
3 ( t > ~ )  = q (rt - 2 Z) , 
i. e . ,  p lane  wave s o l u t i o n s .  (Here 5 i s  t h e  two-dimensional s p a t i a l  
v a r i a b l e . )  Each of these  so lu t ions  has an  a s soc ia t ed  frequency 
and a  wave number d - 121 ; t h e  d i spe r s ion  funct ion  r e l a t i n g  t h e s e  
can be ca lcu la t ed  by pe r tu rba t ion  methods from t h e  k i n e t i c  equat ions .  
a 
The o t h e r  major requirement i s  t h a t  t h i s  d i s p e r s i o n  func t ion  L ( ~ ) = M  
s a t i s f y  L' > 0 near t h e  b i f u r c a t i o n  parameter values and a, . 
This  fo rces  t h e  k i n e t i c  equatfons t o  be h ighly  nonl inear .  
We have experimental evidence t h a t  t h e r e  i s  a  one-parameter 
family of t a r g e t  p a t t e r n s  ( i . e . ,  c and oc do not  vary independently)  
and t h e  d i spe r s ion  r e l a t i o n  does s a t i s f y  L' > 0 .  Excluding t h e  very 
c e n t e r s ,  t hese  p a t t e r n s  appear much l i k e  p lane  wave s o l u t i o n s  i n  t h e i r  
r e g u l a r  spacing and uniform frequency. 
Using t h e  above hypotheses, one can s tudy s o l u t i o n s  t o  t h e  
equations r ep resen t ing  slowly varying waves, and use t h e s e  t o  s tudy 
t h e  evolu t ion  of t h e  p a t t e r n s  a s  well  a s  t o  expla in  t h e i r  roundness. 
One can a l s o  g e t  so lu t ions  which r ep resen t  t h e  whole developed t a r -  
ge t  p a t t e r n .  
The f u l l  i n i t i a l  va lue  problem i s  s t i l l  not  understood. A key 
d i f f i c u l t y  i s  understanding i n  d e t a i l  t h e  propagation of  t h e  p a t t e r n  
i n t o  und i f f e ren t i a t ed  regions ,  which causes t h e  overtaken p o r t i o n s  t o  
o s c i l l a t e  f a s t e r .  However, some aspec t s  of t h e  i n i t i a l  va lue  problem 
can be crudely understood i n  terms of t h e  n o n l i n e a r i t i e s  of  t h e  k in-  
e t i c s  forced by L' > 0 , even without  d i f f u s i v e  i n t e r a c t i o n .  I n  such 
a  nonlinear  system, t h e  time necessary f o r  one " f u l l  cycle" i s  no t  a  
f ixed  cons tant ;  r a t h e r ,  t h e r e  i s  a whole range of p o s s i b l e  "frequen- 
c ies" .  I f  t h e  i n i t i a l  s c a l e  of he terogenei ty  i s  l a r g e  enough, t h e  
po in t s  of t h e  f l u i d  a c t ,  f o r  a s h o r t  t ime, a s  uncoupled o s c i l l a t o r s  
having d i f f e r e n t  f requencies .  I t  can e a s i l y  be shown t h a t ,  under such 
circumstances, t h e r e  i s  a  tendency t o  form s t r u c t u r e s  of c o n t i n u a l l y  
decreasing s i z e .  We be l i eve  t h a t  t h e  f i n a l  s i z e  of t h e  r i n g s  i n  t h e  
Belousoz f l u i d  i s  a balance between t h a t  tendency and d i f f u s i o n ,  a s  it 
is  i n  t h e  plane wave s o l u t i o n s  of our mathematical model. 
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STRATIFIED EKMAN BOUNDARY LAYER MODELS - BOTTOM AND TOP 
(Abstract)  
Rory Thompson 
1. In t roduct ion .  I n  many geophysical f l u i d  dynamic models, d i s s i p a-  
t i o n  i s  necessary.  Phys ica l ly ,  t h e  d i s s i p a t i o n  i s  c o n t r o l l e d  by small-  
s c a l e  tu rbu len t  processes which a r e  not  well  understood. A common way 
t o  model t h e  e f f e c t  of  turbulence  is t o  assume some a r b i t r a r y  "eddy 
v i scos i ty" ,  usua l ly  cons tan t ,  and o f t e n  chosen so a s  t o  make t h e  f i n a l  
answer "look r igh t " .  Here i s  a  simple at tempt t o  parameter ize  t h e  
turbulence  without allowing f r e e  parameters.  
I n  many f l u i d  problems, t h e r e  i s  l i t t l e  t r a n s f e r  of  conserved 
q u a n t i t i e s  u n t i l  some phys ica l  number exceeds a  c r i t i c a l  va lue ,  when 
turbulence w i l l  r a t h e r  suddenly grow, and t r a n s f e r  a  g r e a t  d e a l ,  tend- 
ing  t o  decrease  t h e  number. This suggests  a  "hard l imi t ing"  approach: 
t h e r e  w i l l  be no t r a n s f e r  when t h e  number (Rayleigh, Rossby, Froude, 
e t c . )  i s  below c r i t i c a l ;  but  t h e r e  w i l l  be so  much above c r i t i c a l  t h a t  
an adjustment back t o  c r i t i c a l  i s  forced ,  on a time s c a l e  which i s  s h o r t  
compared t o  t h a t  of  t h e  l a rge- sca le  phys ics ,  I n  many problems t h i s  ap- 
proach w i l l  be s impler  and l e s s  a r b i t r a r y  than  assuming an  eddy d i f f u -  
s i v i t y ,  and may be more phys ica l ly  c o r r e c t  a s  we l l ,  i n  t h a t  t h e  i n s t a b i l -  
i t y  i s  e x p l i c i t l y  recognized,  
2. Bottom l a y e r .  Think of a  geos t rophic  flow U of  a  s t r a t i f i e d  f l u i d  
over a  ho r i zon ta l  su r face .  The rubbing aga ins t  t h e  s u r f a c e  w i l l  cause 
turbulence which w i l l  mix t h e  f l u i d  near  t h e  s u r f a c e ,  forming a l a y e r  
with r e l a t i v e l y  homogeneous p r o p e r t i e s ,  capped by an  i n v e r s i o n  wi th  a  
s t rong  s h e a r .  Adopt a  "momentum-integral" model, a s  sketched i n  F i g . 2 , l :  
I I 
T- 
Fig. 2.1. Sketch of  T,u,v f o r  bottom l a y e r .  
so  ( p o t e n t i a l )  temperature i s  T ,  x- veloc i ty  i s  u, and y- ve loc i ty  i s  v  
up t o  he igh t  h, a t  which t h e r e  i s  a  jump t o  t h e  i n t e r n a l  va lues .  For 
d e f i n i t e n e s s ,  t ake  t h e  i n i t i a l  temperature ( i n  Boussinesq approximation) 
t o  be P z- , and t h e  geostrophic v e l o c i t y  U t o  be cons tant  and i n  t h e  
x- di rec t ion .  
Then t h e  su r face  drag i s  -c,u_lu_l, where t h e  drag cons tant  c D  i s  
about 0.0018 (Deacon and Webb, 1962) f o r  wind over t h e  sea .  The drag  
across  t h e  i n t e r f a c e  a t  he igh t  h  i s  taken t o  be due only t o  entrainment ,  
so  i s  (u - - LJ) dh/dt .  In t eg ra t ing  ac ross  t h e  l a y e r ,  we have t h e  equa- 
t i o n s  f o r  conservat ion  of momentum: 
where t h e  l a s t  term i n  (2.2) i s  t h e  p res su re  g rad ien t .  I f  t h e r e  i s  
no heat ing,  t h e  temperature i s  simply 
T = T h / 2  (2.3) 
The system of  equations w i l l  now be c losed  by an  assumption t h a t  t h e  
l aye r  Richardson number based on t h e  jumps ac ross  t h e  i n t e r f a c e  s h a l l  
not  be allowed t o  drop below 1, and while  t h e  l a y e r  i s  deepening, r e -  
mains a t  c r i t i c a l :  
2  
o c g ( f h  - T)h = (u - u ) ~  + v , (2.4) 
where CK is  t h e  expans iv i ty  and g  i s  g r a v i t y .  Richardson used essen- 
t i a l l y  t h i s  c r i t e r i o n  f o r  maintenance of  turbulence  based on a  Richard- 
son number. Pol lard ,  Rhines, and Thompson (1972) g ive  f u r t h e r  d i scuss ion  
of  a  s i m i l a r  case .  
The system ((2.1) - (2.4)) i s  nonl inear ,  but  it  t u r n s  ou t  one 
can so lve  t h e  s teady problem. With d /d t  = 0, one can e l imina te  t h e  
square  r o o t  between (2.1) and (2.2) t o  g e t  
This  means (u,v) must f a l l  on a c i r c l e  a s  sketched i n  Fig.  2.2: 
Defining 
Fig.  2.2 - Rela t ion  of l a y e r  wind t o  geos t rophic  wind. 
one can show 
Thus t h e  boundary l aye r  flow i s  a t  a n  angle  @ = a r c t a n p  t o  t h e  
geostrophic,  wi th  a  component toward low pressure .  
3 .  Typical va lues .  Thinking of t h e  t r o p i c a l  t r a d e  inve r s ion ,  one 
might t r y  U -- 15 m/sec, P -- 2OC/km, o( - 1 / 3 0 0 ° ~ ,  f  - 3 . 8 * 1 0 - ~ s e c  - 1 
(15' l a t i t u d e )  t o  g e t  c  - 0.3, u -- 12m/sec, v -- 6 m/sec, 8 28O, 
fh  - T -. 1.2OC, and h - 1 . 2  km, which i s  r a t h e r  t h i c k  f o r  a  boundary 
l a y e r ,  but  not  much th inne r  than t h e  he igh t  o f  t h e  t r a d e  inve r s ion .  
I f  t h e  l a t i t u d e  i s  reduced t o  l o 0 ,  t h e  r e s u l t s  do no t  change g r e a t l y  
i n  t h a t  u -11 m/sec, v - 7 m/sec, 8 33O, and h - 1 4  km. 
4. "Ekman Transport". Equations (2.7) and (2.8 imply a d e f i n i t e  mass 
f l u x  across  i soba r s ,  namely 
The most important f e a t u r e  of (4.1) is  t h a t  it i s  d e f i n i t e ;  i n  a given 
phys ica l  circumstance, t h e r e  a r e  no a d j u s t a b l e  parameters .  Another 
f e a t u r e  of  (4.1) i s  t h a t  t h e  dependence of t h e  t r a n s p o r t  on t h e  s t r a t i -  
f i c a t i o n  i s  r a t h e r  weak. Noting t h a t  t y p i c a l  values of  c  a r e  r a t h e r  
small ,  e s p e c i a l l y  f o r  t h e  ocean, t h e  boundary l a y e r  t r a n s p o r t  i s  given 
i n  f i r s t  approximation by 
( v  dz = c,u2/f . (4 . 2) 
This simple form i s  independent of t h e  s t r a t i f i c a t i o n ,  d e s p i t e  t h e  very 
exis tence  of t h e  l a y e r  depending on t h e  s t r a t i f i c a t i o n .  
The t r a n s p o r t  of an Ekman l a y e r  would be U d m ,  so t h e  ef-  
f e c t i v e  v i s c o s i t y  t o  g ive  t h e  t r a n s p o r t  (4.2) i s  
Typical va lues  of U and f  y i e l d  a  t y p i c a l  va lue  f o r  L' of l o 5  cm2/sec 
f o r  t h e  atmospheric bottom boundary l a y e r ,  6 cm2/sec f o r  t h e  oceanic 
bottom boundary l a y e r .  
- .  
Assuming equi l ibr ium and 2 = k x V p / ( f f ) ,  t h e  vec to r  form of 
(4.2) gives t h e  f l u x  across  i s o b a r s  a s  
The e a s i e s t  way t o  numerical ly c a l c u l a t e  t h e  divergence i s  probably t o  
compute t h i s  f l u x ,  and then t o  t ake  t h e  divergence d i r e c t l y .  This  then  
gives an Ekman drag.  
5. Time-dependence. While (2.6-8) g ive  t h e  s t eady  s o l u t i o n  t o  (2.1-41, 
i t  i s  necessary t o  show t h i s  s t eady  s o l u t i o n  i s  r e l e v a n t .  Non-dimen- 
s i o n a l i z i n g  u and v by U ,  t by f e l ,  and h by U \I- t ransforms 
(2.1-4) i n t o  
I t  i s  important t o  remember t h a t  (5.3) i s  a c t u a l l y  an i n e q u a l i t y ;  h i s  
no t  allowed t o  decrease.  "Unmixing" would seem t o  v i o l a t e  t h e  second 
law of thermod~namics. Thus, (5.3) becomes an algori thm: 
i f  h L (1 -u) + v2,  inc rease  h u n t i l  t h e  e q u a l i t y  holds;  
otherwise do nothing,  S t a r t i n g  from h = u = v = 0, it i s  not  hard t o  
numerically so lve  (5.1-3) versus  time. The s o l u t i o n  f o r  c = 0 .1  i s  
p l o t t e d  i n  Fig.  (5.1) .  
F ig . (5 .1 ) .  numeric s o l u t i o n  o f  (5.1-3) with c = 0.1. 
The s o l u t i o n  a d j u s t s  i n  an i n e r t i a l  per iod ,  and s e t t l e s  near  
t h e  previously- found steady s o l u t i o n  
u = 1/ (1 + c ) ,  v  = W / ( 1  + c ) ,  h  = y m o  ( 5  0 4)  
but  not  exac t ly  a t  i t .  Apparently t h e  s o l u t i o n  over- shot ,  with t h e  
damped i n e r t i a l  o s c i l l a t i o n  adding t o  the  s teady shea r  t o  cause t h e  
l aye r  t o  deepen. This  model conta ins  no mechanism t o  l e t  h  decrease  
again .  The t r a n s p o r t  hv however remains c l o s e  t o  t h a t  p red ic t ed  by 
(5 .4) .  From o the r  t r i a l s ,  it appears t h a t  t h e  a n a l y t i c  s o l u t i o n  holds  
very well  f o r  l a r g e  c  ( l a rge  drag)  and reasonably well  f o r  smal l .  In  
f a c t ,  t h e  case presented i n  Fig . (5 .1)  f o r  c  = 0.1 i s  about a s  bad as any. 
6.  Surface l a y e r .  The f r e e  s u r f a c e  l aye r  has a l r eady  been d iscussed  
by Po l l a rd ,  Rhines and Thompson (1972), but  t h a t  paper omit ted an analy- 
t i c  s o l u t i o n  which w i l l  be presented here.  
Consider a  wind- stress  a c t i n g  on t h e  su r face  o f  a  s t r a t i f i e d  
ocean. The mixing and evaporat ion may cause a  well-mixed l aye r ,  which 
w i l l  be i d e a l i z e d  a s  i n  F ig . (6 .1 ) .  
7- u-+ v- 
-h 
F i g . ( 6 . l )  Sketch of T,u,v f o r  s u r f a c e  l a y e r .  
Behind t h e  p i c t u r e  i s  an idea  t h a t  once t h e  i n i t i a l  s t r a t i f i c a t i o n  i s  
destroyed, t h e r e  is  l i t t l e  r e s i s t a n c e  t o  f u r t h e r  mixing, so  u,  v ,  and 
T a r e  independent of z t o  a  depth h ,  below which t h e  i n i t i a l  f i e l d  i s  
undisturbed.  With t h i s  l a y e r  assumption, t h e  conservat ion  equat ions  
a r e  
d =  
d t 
c, fhv + - e 
where ( , r2 ) i s  t h e  wind s t r e s s ,  and Q i s  t h e  n e t  h e a t i n g  through 
t h e  su r f ace .  Again we impose a  c r i t e r i o n  t h a t  a  s l a b  Richardson num- 
be r  should no t  become too  smal l :  
I t  may be  noted t h a t  t h i s  model w i th  hea t ing  d i f f e r s  from t h a t  of Pol-  
l a r d  e t  a l e ,  (1972) i n  t h a t  (6.4) i s  taken t o  hold even i f  Q i s  non- 
zero.  
The fo l lowing  problem suggested by a  f r o n t a l  passage  i s  easy 
t o  so lve  a n a l y t i c a l l y :  a t  t = 0, h  = u = v = 0; f o r  t >  0, q = T  = 
= cons t an t ,  T,= 0, Q cons t an t .  Then 
L hu = - EP s i n  ( f t )  , 
h(T + & r h )  = nt  
cv P 





= g " ( T + r h ) h .  
While t h e s e  a r e  non l inea r  equa t ions ,  they can  be so lved  f a i r l y  e a s i l y ,  
s i n c e  
The equat ion  (6 .7)  can  only be expected t o  hold f o r  0  5 t G T / f ,  f o r  
a f t e r  t h a t ,  one expec ts  R i  > 1, s o  t h e  e q u a l i t y  (6.6) w i l l  no longer  
hold,  a s  d i scussed  below. The depth h  i s  e a s i l y  measured i n  an  exper-  
iment,  so  it i s  worth looking a t  s p e c i a l  ca ses  o f  ( 6 . 7 ) .  
I f  t C <  f ' l ,  then  
I f  t h e  coo l ing  i s  s t rong ,  o r  t h e  s t r a t i f i c a t i o n  i s  weak (as  
one expects  a f t e r  much coo l ing ) ,  then  t h e  wind s t r e s s  term may n o t  
be dominant. I t  i s  easy t o  look a t  t h e  l i m i t  r-+ 0 i n  (6.9) . For 
This  i s  i n t e r e s t i n g ,  i n  t h a t  t h e  l a y e r  t h i ckens  a t  a  f i n i t e  r a t e ,  even 
though t h e r e  is  no i n i t i a l  s t r a t i f i c a t i o n .  I t  can be compared t o  t h e  
case  of  g iven  t o t a l  buoyancy B, (no h e a t i n g  and P = O), f o r  which 
h = rt/m . These cases  may shed some l i g h t  on t h e  formation o f  
l a y e r s  i n  homogeneous water .  For cool ing ,  Q L 0, 
s o  s t r o n g  coo l ing  can make t h e  l a y e r  t h i cken  r a p i d l y .  Note t h a t  (6.11) 
holds  even i n  t h e  l i m i t  7 = 0. 
The c a s e  of no v e l o c i t y  shear  can  a l s o  be t r e a t e d .  Then n o t  
a l lowing  t h e  Richardson number (with zero denominator) t o  drop below 1 
reduces t o  no t  a l lowing T t o  drop below - r h .  For Q L O ,  E q ~ ~ ( 6 . 3 )  
and (6.4) reduce t o  say ing  t h e  hea t  l o s s  from t h e  deepening l a y e r  i s  
t h e  t o t a l  f l u x  ac ros s  t h e  s u r f a c e ,  
h ( - h r h )  = 
o r  
This  answer i s  independent o f  r o t a t i o n .  
7. Comparison wi th  obse rva t ions ,  Stommel, Saunders,  Simmons and 
Cooper (1969) took closely- spaced STD c a s t s  through t h e  s u r f a c e  l a y e r  
from a d r i f t i n g  s h i p .  They saw a number o f  i n t e r e s t i n g  and sugges t ive  
phenomena. For i n s t a n c e ,  i n  t h e i r  obse rva t ions  on 14 March, s h o r t l y  
a f t e r  a  sudden i n c r e a s e  i n  t h e  wind, t h e  mixed l a y e r  th ickened  ve ry  
sugges t ive ly .  However, Stommel e t  aZ. p o i n t  ou t  t h a t  tempera ture  of  
t h e  su r f ace  l a y e r  d i d  not  drop, a s  i t  should  have i f  t h e  t h i cken ing  
was due t o  mixing. They sugges t  advec t ion  must have been important  i n  
t h i s  c a s e ,  Unfor tuna te ly ,  through v i r t u a l l y  a l l  o f  t h e i r  obse rva t ions  
advec t ion  appears  t o  have been impor tan t ,  For i n s t ance ,  on 12 March, 
t h e r e  appears  t o  have been a  c l a s s i c  cool ing from t h e  s u r f a c e ,  w i t h  i s o-  
therms becoming v e r t i c a l  and vanish ing  through t h e  s u r f a c e .  However 
between t h e i r  soundings 109 and 123, i n  about two hours  t h e  tempera ture  
dropped O,S°C over a  depth o f  a t  l e a s t  4 m, implying a  h e a t  l o s s  a n  o r -  
d e r  o f  magnitude l a r g e r  than  t h e  0.2 langley/min f l u x  es t imated  a c r o s s  
t h e  s u r f a c e .  
While t h e  motion of t h e  s h i p  through t h e  water ,  and perhaps 
v e r t i c a l  advec t ion ,  renders  t h e  d a t a  very  hard  t o  use ,  t h e i r  tempera- 
t u r e  and s a l i n i t y  soundings dur ing  and a f t e r  a  r a in s to rm on 19 March 
a r e  r a t h e r  sugges t ive .  The f r e s h  water  i s  r e a d i l y  d i s c e r n i b l e  a s  a  
well-mixed l a y e r  deepening t o  about 10 m.  Shor t ly  a f t e r ,  t h e  sun  came 
o u t  and a  10 m deep s t e p  formed i n  t h e  temperature which had former ly  
been well-mixed t o  a t  l e a s t  30 m .  The n e t  s o l a r  f l u x  i n  t h e  t ime t h e  
s t e p  formed was comparable wi th  t h e  h e a t  s t o r e d  i n  t h e  s t e p .  Th i s  sug- 
g e s t s  t h a t  t h e  buoyancy o f  t h e  f r e s h  s u r f a c e  l a y e r  d i d  indeed c u t  o f f  
t h e  deep mixing t h a t  had occurred e a r l i e r  i n  t h e  day, and allowed t h e  
s o l a r  h e a t  t o  accumulate,  s t r eng then ing  t h e  l a y e r .  
8.  Discussion.  The s l a b  models presented  he re  f o r  t op  and bottom 
boundary l a y e r s  i n  a  r o t a t i n g ,  s t r a t i f i e d  f l u i d  may be more r e a l i s t i c  
t han  t h e  usua l  p i c t u r e  of Ekman eddy c o e f f i c i e n t s ,  i n  t h a t  Ekman s p i r a l s  
a r e  very  r a r e l y  seen  i n  na tu re ,  b u t  well-mixed l a y e r s  o f t e n  a r e ,  The 
p re sen t  approach, based on a  s l a b  Richardson o r  Froude number, g ives  
Ekman t r a n s p o r t s ,  and consequent v e r t i c a l  v e l o c i t i e s ,  which a r e  q u i t e  
d e f i n i t e ,  and involve  no a r b i t r a r y  eddy c o e f f i c i e n t s ,  
I t  i s  d e s i r a b l e  t h a t  someone exper imenta l ly  check t h e s e  p r e d i c t e d  
well-mixed depths  and Ekman t r a n s p o r t s .  I n  doing s o ,  t h e  experimental-  
i s t  should r e a l i z e  t h a t  behind t h i s  model i s  a n  i d e a  o f  t u rbu lence  t h a t  
depends on a  l a r g e  Reynolds number. Thus, wi th  V t h e  kinematic  v i s -  
c o s i t y ,  it i s  necessary  t o  ensure  t h a t  
If one thinks of spinning-up a stratified fluid, so IA - -Ldh with L 
a radius and b a fractional change of rotation rate A , and uses 
(2.8), then one requires 
2 
with I, = .01 cm /sec, ,L --. 10 cm, fi - 1; sec-l, and ~ P Y  .02/10 cm, 
- 3 
c - 10 and h N 0.3 A cm, u - 10 A cm/sec so u hl.3 .-. 3000 
for A = 0.1 which ought to be enough. Thus, the conditions for the 
layer proposed whould not be difficult to achieve. Thus, the model 
discussed here suggests that many experimental trials of stratified 
spin-up whould form layers of the sort discussed here, rather than 
laminar Ekman layers. 
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